MATHS BEYOND LIMITS 2025 QUALIFYING QUIZ

The Qualifying Quiz (QQ) consists of five olympic problems (1-5) and three exploratory ones (6-8), and we ask you to
think about a subset of them. Only the three best solutions from olympic problems will be taken into account. If you
solve three problems and want to call it a day, that’s okay. If you want to attempt the remaining two, that’s also okay.
If you’re only able to solve one or two problems, and even if only partially, that’s fine too!

All exploratory problems are taken into account, and we consider them significantly more important than olympic
ones. They are also intended to be much harder and longer, so don’t feel discouraged when you don’t make as much
progress as you want — submitting solutions that are far from full can also be hugely beneficial to the application. We
want to see how you think, and the process itself is more important to us than the final solution.

Do not get upset if you find the problems difficult: they are meant to be demanding, thought-provoking,
and we expect them to be challenging for most people!

You can use books or the Internet to look up definitions or formulas, but do not try to look for the problems themselves!
In case the problem statement is unclear to you even after getting help from the aforementioned sources, please contact
us (our email address is mathsbeyondlimits@gmail.com). You may not consult or get help from anyone else. Violation
of these rules may permanently disqualify you from attending Maths Beyond Limits.

1. Let S(n) denote the sum of digits of the number n. For which pairs (a,b) of positive integers can we find
two positive integers x, y, such that S(xz + y) = @ and S(10z + y) = b?

2. Find all functions f(z) (from R to R), such that each line ¢ intersects the graph of y = f(z) and the
parabola y = 22 in the same number of points.

3. Prove that it is possible to colour positive integers in two colours, such that if a, b are distinct numbers of
the same colour, then a + b is not a Fibonacci number.
Note: Fibonacci numbers are the numbers defined by Fy = F» =1 and Fy,41 = F,, + Fj,—1 for n > 1.

4. The point H is the intersection of altitudes in triangle ABC. The point M is the midpoint of an arc BC
of the circumcircle of ABC. The point N is the reflection of M across BC. Prove that the lines HN and AM
are perpendicular.

5. Kuba has two finite families .4, B of convex polygons (in the plane). It turns out that every point of the
plane lies in the same number of elements of A as elements of B. Prove that |A| = |B|.
Note: We treat segments and points as “degenerate” convex polygons, and they can be elements of A or B.

6. We have 2025 = (20 + 25)2. In this problem we investigate numbers with this property — i.e. if we cut them
to get two numbers, and take the square of their sum, we get the original number back.

a) What are the other 4-digit numbers with this property? What about 6-digit numbers — how would you
approach finding such numbers efficiently?

b) Does any answer from (a) generalise to get a 2n-digit example, for any positive integer n? A 4n-digit
example?

¢) Does the “cut” need to go through the middle of the number? Are there any examples where it’s not the
case?

d) How many numbers with this property are there, for fixed number of digits in the “right half”? (We allow
the “right half” to start with zeroes).

e) If we allow more than one cut, do we get more examples?

f) If you observed any other interesting properties, let us know!



7. It was the time for the MBL organisers to have a general meeting. There are n of them, and they sat down
in the circle. Everyone had their assigned seat, but due to a general confusion they sat randomly. Now they
want to rearrange themselves so that everyone sits where they should — to avoid further chaos, they do it in an
organised way, as follows.

One of the organisers, Ania, is the captain of the meeting. In one turn, the captain may choose to:
e swap places with the person on their left, and the person on their right becomes the new captain, or
e swap places with the person on their right, and the person on their left becomes the new captain.

(You can find an illustration at the end of the file).

Is it always possible (depending on n) that:
a) everyone will get to their assigned place?
b) everyone will get to their place and after all those changes Ania will be the captain?

The organisers of MBL Balkans joined the meeting. Now there are infinitely many organisers, sat in a row.
Luckily, it turned out that only finitely many of them are in the wrong place.

c¢) Is it possible to get everyone to their assigned place, using the same procedure as before?
d) Do we have any control on who the final captain is?

8. Let n be a positive integer, S a finite set with n + 2 elements and ¢ an integer. Let pS be the set of ordered
pairs of distinct elements of S (for example, p{0, 1,2} := {(0,1),(0,2),(1,0),(1,2),(2,0),(2,1)}). A function
f:pS = Z is called (n,c)-inspiring, if the following hold:

e for any distinct z,y € S we have f(x,y) + f(y,xz) = ¢ (mod n),

e for any pairwise distinct x,y, z,w € S,
fl@y)+ fy,2) # flz,w) + f(w,2) (mod n).

a) Prove that if ¢ = ¢/ (mod 2), then there is an (n, ¢)-inspiring function if and only if there is an (n,c)-
inspiring function.

b) Prove that there are no (n,0)-inspiring functions if n is even.
¢) For which pairs (n,¢) does there exist an (n, ¢)-inspiring function?

d) The opposite of an (n, ¢)-inspiring function is an (n, ¢)-dull function — we just swap every plus sing for a
minus sign in the definition. Precisely, we say that g : pS — Z is (n,¢)-dull if f(z,y) — f(y,z) = ¢ and
flx,y)— fly,2) £ f(z,w) — f(w, 2) (mod n), for z,y, z, w pairwise distinct. How does the situation look
like for dull functions in tasks (b) and (c)?
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Problem 7: A meeting with n organisers, for n = 5. The hat marks the captain.
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Problem 7: A meeting of infinitely many organisers.



