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People of the camp
The following is the list of all people that took part in MBL 2019.
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•
•
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•
•
•
•
•
•
•
•
•
•
•
•
•

Andreas Alberg
Artur Avameri
Áron Bán-Szabó
Csongor Beke
Yanis Bena
Ana Bogdan
Krzysztof Boryczka
Ajdin Causevic
Denis Chirita
Daniel Cortild
Jan Dobrakowski
Lycka Drakengren
Witold Drzewakowski
Fredrik Ekholm
Paweł Gadziński
Franz Gerhold
Alexandru Girban
Štefánia Glevitzká
Daniel Goc
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•
•
•
•
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•

Michael Guempel
Loke Gustafsson
Jingdan Hua
Justyna Jaworska
Ellinor Jönson
Nikita Khomich
Vadym Koval
Piotr Łaba
Anna Luchnikov
Simon Martin
Dávid Matolcsi
Vukasin Mihajlovic
Aleksander Misztal
Magdaléna Mišinová
Michal Mráz
Nándor Nagy
Karyna Nechyporuk
Jakub Nowakowski
Łukasz Orski

•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•

Andrei Pantea
Jakub Parada
Hubert Pawlusiński
Maciej Raczuk
Piotr Ryłko
Mateusz Scharmach
Iman Simo
Semen Słobodianiuk
Kornél Szabó
Jakub Szulc
Tomasz Ślusarczyk
Thomas Thrane
Kacper Topolski
Balázs Tóth
Matej Urban
Hendrik Vija
Maria Wysogląd
Vladyslav Zveryk
Radosław Żak

Semitutors
• Stanisław Hauke

• George Picu

• Iwo Pilecki-Silva

Tutors
•
•
•
•
•
•

Rajashree Agrawal
Piotr Ambroszczyk
Bartłomiej Bollin
Robert Crumplin
Tímea Csahók
Oscar Donlan
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Andrzej Grzesik
Dominik Hollý
Jan Kociniak
Qiangru Kuang
Michał Pilipczuk
Marian Poljak

•
•
•
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•
•

Radosław Rowicki
Nikola Šalgaj
Roger Sewell
Josef Tkadlec
Pavel Turek
Kada Williams
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Assisting Organisers
• Jakub Dobrowolski
• Marta Mościcka

• Filip Smoleński
• Jakub Wornbard

• Bartłomiej Żak

Organisers
• Łukasz Bożyk
• Grzegorz Dłużewski

• Anna Łeń
• Paweł Piwek

• Tomasz Przybyłowski
• Szymon Zwara

Events of the camp
Mathemamatical Classes
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•

Additive Combinatorics [Oscar Donlan]
Analytic Geometry [Kada Williams]
Applications of Algebra and Topology [Robert Crumplin & Qiangru Kuang]
Conics in Plane Geometry [Stanisław Hauke & Iwo Pilecki-Silva]
Evolutionary Graph Theory [Josef Tkadlec]
From a Barman to Turing Machine [Marta Mościcka]
Generating Functions [Bartłomiej Bollin]
Group Actions, Basic Representation Theory and Combinatorics [Nikola Šalgaj]
How Big Are Infinite Sets? [Dominik Hollý]
How Should We Do Inference? The Biggest Ethical Issue in Current Mathematics
[Roger Sewell]
Introduction to Linear Coding [Dominik Hollý]
Lambda Calculus [Radosław Rowicki]
Linear Algebra and Its Applications in Projective Geometry [Tímea Csahók]
Logic and Set Theory [Kada Williams]
Mathematics of Juggling [Nikola Šalgaj]
Mathematics of Tournaments [Łukasz Bożyk]
Model Theory [Rajashree Agrawal]
Neural Networks [Marian Poljak]
Practical Number Theory [Robert Crumplin]
Probabilistic Methods in Combinatorics [Andrzej Grzesik]
Pseudoprimes [Dominik Hollý]
Rings and Fields [Tímea Csahók]
Sequences [Pavel Turek]
Spectral Graph Theory Introduction [Piotr Ambroszczyk & Jan Kociniak]
Structural Theory of Sparse Graphs [Michał Pilipczuk]
The Zoo of Olympiad Geometry! [George Picu]
About the Camp
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Evening Activities
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•
•

Botanical Walk [Maria Wysogląd]
Creativity Workshops [Jakub Szulc]
Detectives & Mysteries [Hubert Pawlusiński & Jakub Nowakowski]
Extraordinary Music [Karyna Nechyporuk]
Glagolitic Script [Łukasz Orski]
Go (Baduk) Workshop [Alexandru Girban]
Kanji & Japanese Writing [Hubert Pawlusiński]
Knitting [Iman Simo]
Latin Clue Puzzle Thing [Thomas Thrane]
MBL Rush [Jan Dobrakowski & Daniel Goc]
Origami [Maria Wysogląd]
Peasant Business School [Piotr Ryłko & Tomasz Ślusarczyk]
Puzzláboj [Krzysztof Boryczka & Paweł Gadziński]
Puzzle Hunt Workshop [Łukasz Bożyk & Anna Łeń]
Slitherlink [Marta Mościcka]
Stratego [Yanis Bena]
Tango Session [Jakub Parada]
Team Trivia [Ana Bogdan, Andrei Pantea, Justyna Jaworska, Simon Martin]
Therapeutic Exercises [Jakub Parada]
Treasure Hunt/Orienteering [Artur Avameri & Hendrik Vija]
Watercolor Painting [Anna Luchnikov]

Camper Talks
•
•
•
•
•
•
•
•
•
•
•
•
•

Arrow’s Impossibility Theorem [Karyna Nechyporuk]
Banach Fixed Point Theorem [Maciej Raczuk]
Continued Fractions [Vukasin Mihajlovic]
Fermat Numbers and Their Generalisations [Hendrik Vija]
Introduction to the Geometry of Conics [Jingdan Hua]
Langley’s Problem [Áron Bán-Szabó]
Minkowski’s Lattice Point Theorem [Kornél Szabó]
Number Theoretical Proof for the Leibniz Formula for π [Dávid Matolcsi]
Posets and Dilworth’s Theorem [Denis Chirita]
Problem of Apollonius [Alexandru Girban]
Sperner’s Lemma and Fair Division [Jakub Szulc]
The Most Unexpected Answer to Simple Mechanics Problem [Jan Dobrakowski]
The Wallis Product [Simon Martin]
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Special Events
•
•
•
•
•
•
•
•

Hike
Ice-breaking Game
Jane Street Estimathon R
Mathematical Team Trivia
Night Criminal Puzzle Hunt
Questions Evening Café
Relays
Team Problem Solving

About the Camp
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Testimonials

Testimonials
• Andreas Alberg (participant): Maths Beyond Limits is not only a possibility to be introduced to a variety of different mathematical topics by skilled lecturers, do math continuously
for twelve whole days and improve your skill in olympic math. This is also an opportunity
to meet interesting people from all over Europe, share experiences, play games, compete and
make long-lasting friendships. In addition, MBL help you with choosing university and afterwards the application. Thank you for twelve wonderful days!
• Jagoda Bracha (participant): On MBL I didn’t have any time to do nothing. I’d like
to be in a few places in each moment. There were great mathematical classes, variety of
non-mathematical activities (where else would I experience for example survival lesson, rock
and roll lesson and introduction to Icelandic language in one place?) and a lot of friendly,
open-minded people. MBL is also about the atmosphere of equality, friendliness and freedom
— no one shouts that you should go to sleep at 10 or not eat on the class.
• Witold Drzewakowski (participant): Friendly atmosphere, interesting conversations, inspiration, frequent frisbee/football, great lectures, random activities — this is MBL for me.
• Hugo Eberhard (participant): MBL gave me the opportunity to learn new things about
mathematics, and has left me with motivation and inspiration to learn more. But it wasn’t
only about mathematics, it was also about making new friends. The friendly, open-minded
and welcoming atmosphere at the camp made it easy to talk to new people and made me feel
welcome. It was a great experience and I would definitely recommend it!
• Anna Kerekes (participant): I’ve been to many different maths camps over the years, but
the mathematical program was the best here.
• Marta Kuczma (participant): MBL was the best camp I’ve ever attended! The camp
combines having fun, doing sports and learning maths on a very high academic level. Not only
have I extended my understanding of the mathematical world, but I’ve also met wonderful
people from all around the world and I hope to stay in touch with them forever. I cannot
imagine any other place to meet so many passionate young people, this is what makes MBL’s
atmosphere so special.
• Simon Martin (participant): MBL 2018 was 12 days of Maths, 12 days of new experiences
and 12 days of fun. I appreciated every moment of it. It allowed me to discover challenging
new Maths subject and learn a lot about them. It allowed me to improve in English, to meet
a lot of new interesting people and to try activities that I would never have done otherwise
(eg: Theater, Bridge, etc.).
• Mateusz Masłowski (participant): For me MBL was the greatest opportunity to rethink
studies. After it I’m sure that I want to become a part of international society because I
would love to be surrounded by different mindsets, cultures and the most intelligent people in
Europe. I liked talking with people from Ukraine, Scandinavia or Romania more than with
my natives because their ideas, future plans and daily basis were completely different than
mine.
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• Hendrik Vija (participant): This camp opened my eyes in so many ways: First, I understood why people are so sad after large international events, I really felt the same after MBL.
Second, I realised that mathematicians are the best people to spend time with, everyone is a
little quirky and different and we don’t have to hide it, it only makes things more enjoyable.
Third, it taught me to take most of the time I have, since after the first days, I realised that
I cherish every moment of the camp and that I want to spend it having fun, getting to know
people and learning about maths, different cultures and so much more, even if doing it all
means losing some sleep.
• Vladyslav Zveryk (participant): MBL is a well-organised camp with exciting events, highlevel mathematical lectures and incredible atmosphere. People here are always ready to talk
with each other, and I had a great chance to make friends from different countries, to share
thoughts, and to discover a lot of interesting things while communicating with everyone here.
There were a lot of really smart people whose achievements and passion encouraged me to
work more and more in learning maths and striving for my goals.
• Jakub Wornbard (semitutor): The camp was a great opportunity to extend my knowledge, meet interesting people and enjoy myself by participating in a number of well-organized
activities. I would recommend it to anyone passionate about mathematics.
• Robert Crumplin (tutor): It was fantastic to return as a tutor again this year. I got to
meet new faces as well as those great friends I made last year and share our thoughts on
interesting topics, especially on set theory and topology from my classes. It is inspiring to
meet sure able and driven people who share their cultures as well as their common ground
love for mathematics. An activity I particularly enjoyed was the hike as its a great time to
have long conversations and reflect on the maths from the previous few days. I will certainly
be returning in future!
• Marian Poljak (tutor): Maths, sports, music, new ideas, inspirational people and tons of
fun. That’s what Maths Beyond Limits is.
• Alina Yan (tutor): It was great to meet so many people passionate about maths — people,
who gave me a new inspiration about it. And it was pleasing to see such thorough organisation.
• Bartłomiej Żak (tutor): What do mathematicians do? They attend lectures, solve problems and talk to each other about them. They attend to competitions. They involve proving
theorems, sometimes computing the answer, sometimes teaching others and sometimes running. But wait, there is more! They also play Frisbee of football, they run and dance. Some
of they even perform a ultra workout in their time. They hike, play cards, sing or sometimes
even wrestle.
Don’t believe it? See for yourself!

About the Camp
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Sponsors and project partners
Running MBL would not be possible without the help of numerous people involved in organising,
fundraising and working at the camp itself. All the tutors were volunteers who contributed their
free time to prepare classes and come to the camp. MBL was free of charge to all the participants
thanks to generous sponsors and wonderful project partners, which we had great pleasure of
cooperating with.

Project partners

Polish Children’s
Fund’s
fundusz.org

Faculty of
Mathematics and
Physics of Charles
University
mff.cuni.cz

The Joy of Thinking
Foundation
agondolkodasorome.hu

Trojsten
trojsten.sk

Polish Children’s Fund’s mission is to support exceptionally gifted children and teenagers
from all of Poland in order to enable them to fully develop their talents and scientific as well as
artistic passions. The innovative, original aid programme conducted by the Fund for the last 33
years aims to support young people who cannot find opportunities to fully develop their potential
in their local environment (both home and school).
Trojsten is a civic association that organizes mathematics, physics and informatics events in
Slovakia for elementary and secondary school students. It organises KMS (Correspondent Mathematical Seminar), well-established international mathematical competition Náboj in Slovakia,
the International Programming Competition ICPS and co-organises the International Mathematical Seminar iKS.
The Joy of Thinking Foundation supports gifted Hungarian students in fully developing their
talents, reaching their goals in life, and becoming useful members of society. It attains this goals
via furthering students’ abilities in math camps, math circles, one-to-one sessions and small group
activities. Among the biggest initiatives of the Foundation are: the weekend math camps and
Math is Fun! Camps (abbreviated MaMuT in Hungarian).
Faculty of Mathematics and Physics of Charles University offers maths and computer science programmes open to international students. It also organises manifold conferences, summer
schools, camps and competitions for Czech youth such as: an international mathematical competition Náboj, physics competitions FYKOS and Fyziklání and Czech Linguistics Olympiad.
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Main Sponsors
The project is co-financed by the Governments of
Czechia, Hungary, Poland and Slovakia through
Visegrad Grants from International Visegrad
Fund. The mission of the fund is to advance
ideas for sustainable regional cooperation in Central Europe. Grant support is given to original
projects namely in the areas of culture, science
and research, youth exchanges, cross-border cooperation and tourism promotion, as well as in
other priority areas defined in calls for proposals
published on the fund’s website.
Akademeia High School is a new international,
academically-selective school in Warsaw, offering
A-levels and GCSEs. The school focuses on developing both students’ academic abilities and their
artistic, athletic and leadership potential. The
majority of their students are preparing to study
at Oxbridge, Russell group, and Ivy League universities as well as acclaimed architecture, art and
music schools. The school offers a substantial
scholarship program with about 20% of students
being scholars.
ADAMED SmartUP is a scientific and educational programme that aims to give you a chance
to discover the fascinating world of both the physical and natural sciences. On their website you can
draw inspiration from the best Polish and foreign
lecturers. You will get advice on where to study in
Poland and abroad and find out what a scientific
career looks like. You can enroll to an exceptional
science camp and compete for a scientific scholarship.
With offices in New York, London, Hong Kong,
and Amsterdam, Jane Street is a trading firm
that operates around the clock and around the
globe, trading a wide range of financial products.
They are a global liquidity provider and market
maker, trading mostly products that are listed on
exchanges. They offers internships (as a trader,
developer, business developer or researcher) for
all university students from freshmen to postdoctoral scholars.

About the Camp

 11

Selected Handouts

Probabilistic Methods in Combinatorics
Andrzej Grzesik

Useful facts
Fact 1 (linearity of expectation). If X, Y are
P random variables (not necessarily independent), then E[X + Y ] = E[X] + E[Y ], where E[X] = xP[X = x] is the expected value of X.
Fact 2. If X is a random variable, then there is some point in the probability space where
X ≥ E[X], and some point where X ≤ E[X].
Theorem 3 (Local Lovász Lemma). Let Ai be a family of bad events, each with probability
less thanT
p. Assume
each Ai is independent of all Aj except at most d of them, and ep(d+1) < 1.

Then P
Ai > 0, thus it is possible that all of them do not hold.

Problems
1. Prove that every family of less than 2n−1 sets, each with n ≥ 2 elements, can be two-colored
without a monochromatic set.
2. Prove that every family of less than 4n−1 /3n sets, each with n≥4 elements, can be four-colored
in such a way that, in each set all colors are represented.
3. Let G be a graph with e edges. Prove that G contains a bipartite subgraph with at least e/2
edges.
4. Let v1 , v2 , . . . , vn ∈ Rn be vectors of length 1. Prove that
√ there exist ε1 , ε2 , . . . , εn = ±1 such
that the vector ε1 v1 + ε2 v2 + . . . + εn vn has length at least n.
5. Let v1 , v2 , . . . , vn ∈ Rn be vectors of length at most 1. Let p1 , p2 , . . . , pn ∈ [0, 1] be arbitrary,
and set w = p1 v1 + p2 v2 + . . . + pn vn . Prove that there exist ε1 , ε√
2 , . . . , εn ∈ {0, 1} so that, setting
v = ε1 v1 + ε2 v2 + . . . + εn vn , the vector w − v has length at most n/2.
6. Suppose that every vertex of a n-vertex bipartite graph is given a personalized list of more
than log2 n possible colors. Prove that it is possible to give each vertex a color from its list such
that no two adjacent vertices receive the same color.
Open: If the maximum degree of the bipartite graph is ∆, is it always possible to color from lists
of size log2 ∆?
7. In a 100 × 100 array, each of the numbers 1, 2, . . . , 100 appears exactly 100 times. Show that
there is a row or a column in the array with at least 10 distinct numbers.
8 (Russia 1999). In a class, each boy is friends with at least one girl. Show that there exists
a group of at least half of the students, such that each boy in the group is friends with an odd
number of girls in the group.
9. Prove that for every k ≥ 4 there exists a two-coloring of the edges of a complete graph on 2k/2
vertices without a monochromatic complete graph on k vertices.
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10 (Russia 1996). In the Duma there are 1600 delegates, who have formed 16000 committees of
80 persons each. Prove that one can find two committees having at least four common members.
11 (Iran TST 2008). Suppose 799 teams participate in a tournament in which every pair of
teams plays against each other exactly once. Prove that there exist two disjoint groups A and B
of 7 teams each, such that every team from A defeated every team from B.
12 (IMO 1999 Shortlist/C4). Let A be any set of n residues mod n2 . Show that there is a
set B of n residues mod n2 such that at least half of the residues mod n2 can be written as a + b
with a ∈ A and b ∈ B.
13. Prove that any graph on n vertices and nd edges (d ≥ 1/2) contains an independent set of
size at least n/4d.
14. There are n participants of the Maths Beyond Limits Camp and each of them knows at least
participants that knows
δ >1 other participants. Prove that there is a group of at most n 1+ln(δ+1)
δ+1
everybody else.
15. Let an n × n array of lights be given, each either on or off. For each row and column there
is a switch so that if the switch is pulled all of the lights in that line change its state. Prove
that
configuration it is possible to perform switchings so that there will be at least
p for any initial

3/2
2/π + o(1) n
more lights on than off.
√
 q 2
Pbn/2c
n
1
+
o(1)
n.
Hint (Putnam 1974): 2n−1
i=1 (n − 2i) i =
π
16. Prove that there is a tournament with n players and at least n!/2n−1 paths containing all
players such that each player won with the previous one on the path.
17. Let A1 , . . . , An and B1 , . . . , Bn be different subsets of integers, such that for every i we have
|Ai | = a, |Bi | = b, Ai ∩ Bi = ∅, and for every i 6= j Ai ∩ Bj 6= ∅. Prove that n ≤ (a + b)a+b /(aa bb ).
18 (Kraft inequality). Let F be a finite collection of binary strings of finite lengths, such
that no member of
PF is a prefix of another one. Let Ni denote the number of strings of length i
in F. Prove that i Ni /2i ≤ 1.
19 (Erdős-Ko-Rado Theorem). Let n ≥ 2k be positive integers, and let C be a collection of
pairwise intersecting
k-elements subsets of {1, 2, . . . , n}, i.e., every A, B ∈ C has A ∩ B 6= ∅. Prove

that C ≤ n−1
.
k−1
20 (Sperner’s Lemma). Let F be a family of subsets of
 {1, 2, . . . , n} such that there are no
n
distinct A, B ∈ F satisfying A ⊂ B. Prove that |F| ≤ bn/2c
.
21 (MOP 2010?). Let G be a graph on n vertices with average degree d and minimum degree δ.
kn
Prove that for every k ≤ δ, there is an induced subgraph on at least d+1
vertices without a
complete graph on k + 1 vertices.
22 (Crossing Lemma). No matter how you draw a graph with n vertices and e edges in a plane,
there will be at least e3 /64n2 pairs of crossing edges, as long as e ≥ 4n.
23. A set S is called sum-free if there is no triple of elements x, y, z ∈ S satisfying x+y = z. Prove
that every set A of nonzero integers contains a sum-free subset S ⊂ A of size |S| > |A|/3.
24. Consider a family of 12-elements sets such that every element is in at most 46 sets. Prove
that it is possible to two-color the elements without any monochromatic set.
Selected Handouts
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25. Assume 11n colored points are placed on a circle, 11 points of each of n colors. Prove that
there exists a set of n points of different colors without any consecutive vertices.
26. Let G be a graph with maximum degree 5, and let Vi be any disjoint sets, each containing
at least 28 vertices. Prove that there exist an independent set having exactly one vertex from
every Vi .
27. Prove that for any integer k there exists an integer m < 4k ln k such that for any finite set
X ⊆ R and any m-element set Y ⊆ R numbers in the set X + Y = {x + y : x ∈ X, y ∈ Y } can be
k-colored in a way that for each x ∈ X the set x + Y = {x + y : y ∈ Y } contains numbers in all the
colors.
28 (Alon-McDiarmid-Molloy, 1996). Assume each vertex of a directed graph has k edges
k
going out and k edges coming from other vertices. Prove that this graph contains b 3 ln
k c vertex
disjoint directed cycles.

16  Selected Handouts

Rings and Fields
Tímea Csahók

1. Basic definitions
Definition 1.1. A set G equipped with an operation ◦ : G × G → G is called a group if it
satisfies the group axioms. That is,
• for every a, b ∈ G, a ◦ b ∈ G
• for every a, b, c ∈ G, (a ◦ b) ◦ c = a ◦ (b ◦ c),
• there exists an element e ∈ G such that u ◦ e = e ◦ u = u for every u ∈ G
• for every u ∈ G there exists w ∈ G such that u ◦ w = w ◦ u = e.
Definition 1.2. A field is a set F equipped with two operations +, · : F × F → F , where
(F, +) and (F, ·) are commutative groups and multiplication distributes over addition. Usually 0
denotes the additive identity and 1 denotes the multiplicative identity.
Definition 1.3. A set R equipped with two operations +, · : R × R → R is a ring if (R, +)
is a commutative group, R is closed under multiplication, the multiplication is associative and
distributes over addition. If the multiplicative identity exists, it is called a unitary ring.
Definition 1.4. In a ring R, an element a ∈ R is called a left zero divisor if there exists
b ∈ R such that a · b = 0.

2. Problems
2.1. Show that a (left) zero-divisor cannot have a (left) multiplicative inverse.
2.2. Show that the integers modulo an integer m form a ring with the usual addition and multiplication.
2.3. For what integers m is it true, that the integers modulo m form a field?
2.4. Let us define a Boolean ring over the power set P(S) of set S. Addition is the symmetric
difference, multiplication is the intersection operation, i.e. A + B are the elements that are
contained in exactly one of A and B, AB are elements that are contained in both A and B.
Show that this is indeed a ring and identify the additive and multiplicative identity. What is the
relation between A and S + A?
2.5. Give an example of a non-unitary ring.
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3. Number theory in rings
3.1. Prove that the sets
√
• {a + b −2 : a, b ∈ Z}
• {a + bi : a, b ∈ Z} where i2 = −1 (Gaussian integers)
• {a + bε : a, b ∈ Z} where ε = −1+i
2

√

3

, a third primitive root of 1 (Eisenstein integers)

form rings with the usual addition and multiplication of the complex numbers.
Definition 3.1. A function N : R → Z≥0 is called a norm on ring R ⊂ C, if
• for every α ∈ R, N (α) = 0 ⇔ α = 0,
• for every α, β ∈ R, N (αβ) = N (α)N (β).
3.2. Define different norms on the ring of the Gaussian integers.
Definition 3.2. A Euclidean ring R is a ring equipped with a function f : R \ {0} → Z+
where if a, b ∈ R and b is nonzero then there exists q, r ∈ R such that a = bq +r and either r = 0 or
f (r) < f (b).
3.3. Show that the rings presented in 3.1 are Euclidean.
3.4. Give an example of a non-Euclidean ring.
From here on every ring is commutative.
Definition 3.3. In a ring R a divides b if there exists an element c ∈ R such that b = ac.
Definition 3.4. An element d is called a maximal common divisor of a and b if
• d | a and d | b
• for every c | a, b also c | d.
Definition 3.5. In a R an element a is called a unit if it divides every element of R.
Definition 3.6. An element b is associated to a if b = ae, where e is a unit.
Definition 3.7. In a ring R a nonzero non-unit element p is called a prime if whenever p
divides a product ab, then p divides a or p divides b.
Definition 3.8. An irreducible element is a nonzero non-unit that cannot be written
as a product of two non-units.
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4. Even more problems
4.1. Show that if a non-unitary ring contains no zero divisors then no element of the ring divides
itself.
4.2. What are the units in the ring of even numbers?
√
4.3. Determine the units among the Gaussian integers, the Eisenstein integers and {a + b −2 :
a, b ∈ Z}.
4.4. Let us consider the ring of infinite sequences of integers with the following operations:
(a1 , a2 , . . .) + (b1 , b2 , . . .) = (a1 + b1 , a2 + b2 , . . .)
(a1 , a2 , . . .)(b1 , b2 , . . .) = (a1 b1 , a2 b2 , . . .)
Which are going to be the unit elements here? Does this ring contain a zero divisor?
4.5. If a ring contains a unit, must it contain an identity element?
4.6. Determine the primes and the irreducibles in the ring of even numbers.
From here on we will deal with unitary rings without zero divisors (also known as integral domains).
4.7. Show that in these rings every prime is irreducible.
Theorem 4.1. In Euclidean rings every irreducible is a prime.
Theorem 4.2. If in a unitary ring without a zero divisor, every element has a factorisation into
irreducibles and in the ring every irreducible is a prime, then the factorisation is unique (up to
the order and associatives).
Definition 4.3. An integral domain where the factorisation into primes in unique (up to the
order and associatives) is called a unique factorisation domain (UFD).
Lemma 4.4. If there exists a norm N on R and for every r ∈ R N (r) = 1 ⇔ r is a unit, then
there exists a finite factorisation into irreduclibles of every element in the ring.
Corollary 4.5. The rings mentioned in 3.1 are UFDs.
It is true that every Euclidean ring is UFD.

5. Ideals
Now we will see a more general method for creating non-unitary rings.
5.1.

(a) Is it true that if we multiply every element of a ring with an element a, then the
resulting elements will form a subring?

(b) Show that if the ring contains no zero divisor and a is nonzero and non-unit, then the
resulting ring will not have an identity. Be careful!
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Definition 5.1. Given a ring R, I ⊂ R is a (left) ideal if (I, +) is a subgroup of (R, +) and
for every a ∈ I, r ∈ R, ra ∈ I. Similarly we can define right ideals and two-sided ideals as well.
Notation: I B R.
An ideal I is called principal, if I = (a) for some a ∈ R (in other words, the ideal can be
generated by one element).
Definition 5.2. An integral domain R is called a principal ideal domain (PID) if every
ideal in R is principal.
Lemma 5.3. If R is a zero divisor free, commutative unitary ring, then the ideal (a, b) generated
by elements a, b is equal to ideal (d) if and only if d is a maximal common divisor of a and b that
can be expressed in the form of ax + by (with x, y ∈ R).
Corollary 5.4. Every Euclidean domain is a principal ideal domain.
Corollary 5.5. If R is a principal ideal domain, then every two elements have a maximal
common divisor and every irreducible element in R is also a prime.
Corollary 5.6. Every principal ideal domain is a unique factorisation domain.

20  Selected Handouts

Structural Theory of Sparse Graphs
Michał Pilipczuk
Abstract
Starting from an innocently looking question of what it means for a graph to be sparse, we will
develop the basics of the structural theory of sparse graph classes: a relatively new and rapidly
growing area of graph theory. We will explore different combinatorial aspects of sparsity,
expressed via seemingly different, but actually equivalent definitions: density of shallow
minors, generalized coloring numbers, low treedepth colorings, neighborhood complexity,
and maybe others. An example result that we will be able to derive from our toolbox is the
following: there is a constant c such that every planar graph can be colored with c colors so
that every two vertices that are at distance exactly three from each other have different colors.

During this mini-course we will explore the theory of structural sparsity for graphs. This theory
was initiated by Jaroslav Nešetřil and Patrice Ossona de Mendez around 2008 and since then
it has been developed by many graph theorists from all around the globe. It turns out that
fundamental results about sparsity somehow bring together three facets of the subject:
• combinatorics: studying different graph-theoretical viewpoints on sparsity and finding
links between them;
• algorithm design: applying combinatorial tools to design efficient algorithms on sparse
graphs, and ask combinatorial questions based on expected algorithmic applications;
• logic and model theory: use abstract notions of sparsity to establish boundaries of
expressibility and tractability of variants of logical formalisms.
Here we will focus on the combinatorial aspect, but it may happen that some algorithms will be
produced on the way.
There are freely available lecture notes that cover everything that will be presented during this
mini-course, and much more: https://www.mimuw.edu.pl/~mp248287/sparsity/ .

1. Degeneracy
For a graph G, by V (G) and E(G) we denote the vertex and edge set of G, respectively. A graph
H is a subgraph of G, denoted H ⊆ G, if H can be obtained from G by deleting vertices and edges.
Definition 1.1. The density of a graph G is the ratio between the numbers of edges and
vertices:
|E(G)|
density(G) =
.
|V (G)|
1.1. Prove that the density of a graph G is equal to half of the average degree in G.
Definition 1.2. The hereditary density of a graph G is the largest density among its subgraphs:
density↓ (G) = max density(H).
H⊆G

 21 

Michał Pilipczuk
Definition 1.3. A graph G is d-degenerate if every its subgraph contains a vertex of degree at
most d. The degeneracy of G, denoted degeneracy(G), is the smallest d for which G is d-degenerate.
1.2. Prove that for every graph G we have
density↓ (G) ≤ degeneracy(G) ≤ 2 · density↓ (G).
1.3. Prove that a graph is 1-degenerate if and only if it is a forest (that is, an acyclic graph).
1.4. Prove that a graph G is d-degenerate if and only if there is a linear ordering σ of vertices of
G such that every vertex has at most d neighbors that are smaller in σ.
Definition 1.4. The arboricity of a graph G, denoted arboricity(G), is the minimum number
a such that the edges of G can be partitioned into a forests.
1.5. Prove that for every graph G we have
arboricity(G) ≤ degeneracy(G) ≤ 2 · arboricity(G).
1.6. Prove that planar graphs are 5-degenerate. Is the number 5 optimum? Is this also true for
planar multigraphs?
1.7. Prove that every d-degenerate graph admits a proper coloring with d + 1 colors. Here, a
proper coloring of a graph is a coloring of its vertices where the endpoints of every edge receive
different colors.
1.8. Prove that a d-degenerate graph on n vertices has at most 1 + 2d · n different cliques, where
a clique is a set of pairwise adjacent vertices.
Definition 1.5. A set of vertices I in a graph G is independent if there are no edges with both
endpoints in I. A set of vertices D is dominating if every vertex of G either belongs to D or has
a neighbor in D. The size of a largest independent set in G is denoted by α(G), while the size of
a smallest dominating set in G is denoted by γ(G).
1.9. Prove that every d-degenerate graph on n vertices contains an independent set of size at
n
.
least d+1
1.10. Suppose G is a graph and σ is a linear ordering of G witnessing that G is d-degenerate, as
in Problem 1.4. For a vertex u, let N + [u] denote the set consisting of u and all its neighbors that
are smaller in σ. Consider the following algorithm:
• Let H be a graph with the same vertex set as G, where we consider a pair of vertices u and
v adjacent if and only if the set N + [u] ∩ N + [v] is not empty.
• Let I be an inclusion-wise maximal independent set in H.
S
• Let D = u∈I N + [u].
Prove that D is a dominating set in G that satisfies |D| ≤ (d + 1)2 · γ(G).
1.11. Prove that in a d-degenerate graph at least half of the vertices have degree at most 2d.
1.12. For a graph G, the 1-subdivision of G is obtained by replacing every edge of G by a path
of length 2, where the middle vertex has degree exactly 2. Prove that the 1-subdivision of any
graph is 2-degenerate.
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2. Shallow minors and notions of sparsity
Definition 2.1. A graph H is a minor of G, denoted H  G, if there exists a minor model of
H in G. The minor model consists of a connected subgraph Iu ⊆ G for each vertex u of H, called
the branch set of u, so that the following conditions are satisfied: branch sets Iu are pairwise
vertex-disjoint and whenever uv is an edge in H, there is an edge between Iu and Iv in G.
2.1. Prove that H is a minor of G if and only if H can be obtained from G using the following
operations: vertex removal, edge removal, and edge contraction.
2.2. Prove that planar graphs are minor-closed (i.e., every minor of a planar graph is also planar).
Theorem 2.2. A graph is planar if and only if it does not contain K5 nor K3,3 as a minor.
2.3. Prove that every graph that does not contain Kt as a minor has density smaller than 2t .
√
Theorem 2.3. Every Kt -minor-free graph has density bounded by O(t log t) and this bound
is asymptotically tight.
Definition 2.4. A graph H is a depth-d minor of G, denoted H d G, if there exists a minor
model of H in G where every branch set has radius at most d. Here, a connected graph has radius
at most d if it contains a vertex that is at distance at most d from any other vertex of the graph.

Figure 2.1: A diamond graph and its minor and topological minor models in a larger graph. Both
models have depth 1.
2.4. Prove that if J a H and H b G, then J 2ab+a+b G.
Definition 2.5. For a graph class C, the depth-d reduct of C is the class
COd := {H : H d G for some G ∈ C}.
The greatest reduced average density at depth d in C is the quantity
∇d (C) := sup density(H).
H∈COd

Definition 2.6. A class of graph C has bounded expansion if ∇d (C) < +∞ for all d ∈ N. In
other words, there exists a function f : N→N such that density(H)≤f (d) whenever H is a depth-d
minor of a graph from C.
Definition 2.7. A class of graph C is nowhere dense for every d ∈ N, the class COd does not
contain all graphs. Equivalently, there exists a function t : N → N such that for every d ∈ N, the
clique Kt(d) is not a depth-d minor of any graph from C.
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2.5. Prove that every proper (that is, not containing all graphs) minor-closed class of graphs has
bounded expansion.
2.6. Prove that for any ∆ ∈ N, the class of all graphs with maximum degree at most ∆ has
bounded expansion.
2.7. Prove that if a class of graphs C has bounded expansion, then for every d ∈ N the class COd
also has bounded expansion. Prove the same implication for nowhere denseness as well.
2.8. Prove that if a class of graphs has bounded expansion then it is nowhere dense.
2.9. Prove that for every t ∈ N there exists a graph with density at least t and with no cycle of
length at most t. Conclude that there exists a class of graphs that is nowhere dense but does not
have bounded expansion.
Definition 2.8. A graph H is a topological minor of G, denoted H ◦ G, if there exists a
topological minor model of H in G. The topological minor model η consists of a vertex η(u)
of G for each vertex u of H, and a path η(e) in G for each edge e of H, so that the following
conditions are satisfied: for each uv ∈ E(H), the path η(uv) has endpoints η(u) and η(v), and
paths {η(e) : e ∈ E(H)} are vertex-disjoint apart from sharing endpoints whenever necessary.
Further, H is a depth-d topological minor of G, denoted H ◦d G, if there exists a topological minor
model of H in G where every path has length at most 2d + 1.
2.10. Prove that if H ◦ G then H  G, and if H ◦d G then H d G.
2.11. Give a class of graphs that excludes K5 as a topological minor, but whose closure under
taking minors contains all graphs.
2.12. We define the notion of topologically nowhere denseness in the same way as nowhere denseness, but we use shallow topological minors instead of minors. Prove that a class of graphs is
nowhere dense if and only if it is topologically nowhere dense.
Theorem 2.9. A class of graphs has bounded expansion if and only if it has topologically
bounded expansion.

3. Generalized coloring numbers: basics
Definition 3.1. Let G be a graph, let σ be a vertex ordering of G, and let d ∈ N. For vertices
u, v ∈ V (G) with u ≤σ v, we say that:
• u is strongly d-reachable from v if there is a path of length at most d from v to u whose
every internal vertex w satisfies v <σ w; and
• u is weakly d-reachable from v if there is a path of length at most d from v to u whose every
internal vertex w satisfies u <σ w.
For a vertex v, we denote
WReachd [G, σ, v] :=
SReachd [G, σ, v] :=

{ u : u ≤σ v and u is weakly d-reachable from v },
{ u : u ≤σ v and u is strongly d-reachable from v }.

Note that every vertex is both weakly and strongly d-reachable from itself.
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Definition 3.2. Let G be a graph, σ be a vertex ordering of G, and d ∈ N. The d-admissibility
of a vertex v of G, denoted admd (G, σ, v), is equal to the maximum size of a family of paths P
with the following properties:
• every path from P has length at most d and leads from v to a vertex that is smaller in σ;
• paths from P are pairwise vertex-disjoint apart from sharing the endpoint v.
Definition 3.3. Let G be a graph and let d ∈ N. For a vertex ordering σ of G, we define the
weak d-coloring number, the strong d-coloring number, and the d-admissibility of σ as follows:
max |WReachd [G, σ, v]|,

wcold (G, σ) :=

v∈V (G)

max |SReachd [G, σ, v]|,

cold (G, σ) :=

v∈V (G)

admd (G, σ) :=

max admd (G, σ, v).

v∈V (G)

The weak d-coloring number, the strong d-coloring number, and the d-admissibility of G are defined
as the minimum among vertex orderings σ of G of the respective parameter for σ. That is, if by
Π(G) we denote the set of vertex orderings of G, then
wcold (G) :=
cold (G) :=
admd (G) :=

min
σ∈Π(G)

min
σ∈Π(G)

min
σ∈Π(G)

wcold (G, σ),
cold (G, σ),
admd (G, σ).

u ∈ SReach4 [G, σ, v]
σ
u

v

u ∈ WReach8 [G, σ, v]
σ
u

v

adm3 (G, σ, v) = 5
σ
v

Figure 3.1: Different notions of reaching smaller vertices by short paths. In the first panel, u is
strongly 4-reachable from v. In the second panel, u is weakly 8-reachable from v. In the third
panel, the 3-admissibility of v is 5.
3.1. Prove that for every graph G we have
wcol1 (G) − 1 = col1 (G) − 1 = adm1 (G) = degeneracy(G).
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3.2. Prove that for every graph G, its vertex ordering σ, and d ∈ N we have
admd (G, σ) ≤ cold (G, σ) ≤ wcold (G, σ).
3.3. For every d ∈ N, compute
admd (Forests),

cold (Forests),

wcold (Forests).

3.4. Prove that for every graph G, its vertex ordering σ, and d ∈ N we have
d

cold (G, σ) ≤ 1 + (admd (G, σ)) .
3.5. Prove that for every graph G, its vertex ordering σ, and d ∈ N we have
wcold (G, σ) ≤

d
X

i

(cold (G, σ) − 1) .

i=0

3.6. Prove that for every graph G, its vertex ordering σ, d ∈ N, and vertices u, v ∈ V (G), the set
WReachd [G, σ, u] ∩ WReachd [G, σ, v]
intersects all paths of length at most d connecting u and v.
3.7. Prove that for every graph G and d ∈ N we have
∇d (G) ≤ wcol4d+1 (G).
3.8. For a graph G, vertex subset S, vertex u ∈ S, and d ∈ N, let bd (u, S) be the maximum number
of paths of length at most d that all start in u, end in S−{u}, and are vertex-disjoint apart from u.
Consider the following algorithm: starting with S = V (G), iteratively remove from S any vertex
u that has the smallest bd (u, S) until S becomes empty. Prove that if σ is the reversal of the
order of removal of vertices by this algorithm, then σ achieves optimum d-admissibility, that is,
admd (G, σ) = admd (G).
Fact 3.4. For every graph G we have
3

admd (G) ≤ 6d (d∇d−1 (G)e) .
3.9. Conclude the following Theorem 3.5.
Theorem 3.5. The following conditions are equivalent for a graph class C:
(1) C has bounded expansion, that is, ∇d (C) is finite for every d ∈ N;
(2) admd (C) is finite for every d ∈ N;
(3) cold (C) is finite for every d ∈ N;
(4) wcold (C) is finite for every d ∈ N.
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4. Generalized coloring numbers: applications
4.1. Let G be a graph, σ be a vertex ordering of G, and d ∈ N. For every vertex u ∈ V (G), define
the cluster of u as follows:
Cu := {v ∈ V (G) : u ∈ WReach2d [G, σ, v]}.
Prove that the following conditions hold:
• each cluster has radius at most 2d;
• each vertex of V (G) appears in at most wcol2d (G, σ) clusters; and
• for each vertex u ∈ V (G), the ball {v : dist(u, v) ≤ d} is entirely contained in some cluster.
Such a family of clusters is called an distance-d neighborhood cover of G with radius 2d and overlap
wcol2d (G, σ).
Definition 4.1. A set of vertices I in a graph G is distance-d independent if vertices of I are
pairwise at distance more than d. A set of vertices D is distance-d dominating if every vertex of
G is at distance at most d from a vertex of D. The size of a largest distance-d independent set
in G is denoted by αd (G), while the size of a smallest distance-d dominating set in G is denoted
by γd (G).
4.2. Prove that for every graph G and d ∈ N, we have
αd (G) ≥ γd (G) ≥ α2d (G).
4.3. Construct a sequence of graphs G1 , G2 , G3 , . . . satisfying the following: for every i ∈ N,
α2 (Gi ) = 1

and

γ1 (Gi ) ≥ i.

4.4. Consider the following algorithm applied on a graph G with a vertex ordering σ. For
every vertex u, mark the vertex of WReachd [G, σ, u] that is the smallest in σ. Letting D be
the set of all marked vertices, prove that D is a distance-d dominating set of G that satisfies
|D| ≤ wcol2d (G, σ) · γd (G).
4.5. Consider the following algorithm deployed on a graph G with a vertex ordering σ.
• Start with A = ∅, D = ∅, and R = V (G).
• As long as R is not empty, do the following:
– Let u be the vertex of R that is the smallest in σ.
– Add u to A, add WReach2d [G, σ, u] to D, and remove all vertices that are distance-d
dominated by WReach2d [G, σ, u] from R.
Prove that once the algorithm terminates, the following assertions hold:
(1) D is a distance-d dominating set in G that satisfies |D| ≤ wcol2d (G, σ) · |A|.
(2) A contains a distance-2d independent set of size at least

|A|
wcol2d (G,σ) .

Conclude that for every graph G and d ∈ N, we have
α2d (G) ≤ γd (G) ≤ wcol2d (G)2 · α2d (G).
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5. Low treedepth colorings
Definition 5.1. A rooted forest is an acyclic graph in which for every connected component we
pick one of its vertices to be the root. This imposes an ancestor/descendant relation on vertices:
a vertex u is an ancestor of a vertex v if and only if u and v are in the same connected component
and v lies on the unique path from u to the root of this component.
The depth of a rooted forest is the maximum number of vertices on a path from the root of some
connected component to any of its vertices.
Definition 5.2. A treedepth decomposition of a graph G is a rooted forest F on the same vertex
set as G that satisfies the following condition: for every edge uv of G, either u is an ancestor of
v in F or vice versa. The treedepth of G, denoted td(G), is the minimum depth of a treedepth
decomposition of G.

Figure 5.1: A graph and its tree-depth decomposition of depth 4.
5.1. Prove that the treedepth of a path on n vertices is at most dlog2 (n + 1)e.
5.2. Consider the following game on a graph G played by two players: Connector and Splitter.
In each round, Connector first picks a connected component C of G and then Splitter picks one
vertex u of C. The game continues on the graph C − u, i.e., the component C with u removed.
The Splitter wins when the graph becomes empty.
Prove that the treedepth of a graph is equal to the minimum number of rounds needed for the
Splitter to win the game.
5.3. Prove that the treedepth of a path on n vertices is at least dlog2 (n + 1)e.
Definition 5.3. The depth-first search is a search algorithm that given a connected graph G
and any its vertex u0 , performs as follows. The search is always at some vertex v, initially set to
be u0 . When the search enters v via some edge, it marks v as visited and inspects the neighbors
of v in any order. For each neighbor w that upon inspection appears to be not yet marked as
visited, the search enters w through vw, calls itself recursively on w, and having processed w
withdraws back to v through vw. Once all neighbors are inspected, the search finishes processing
v.
The DFS forest of a graph G is any forest obtained by running depth-first search in each connected
component of G starting from any vertex, and including all the traversed edges. We may view
such a DFS forest as rooted by taking the starting vertices of the searches to be the roots.
5.4. Prove that every DFS forest of a graph G is a treedepth decomposition of G.
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5.5. For a graph G, let lp(G) be the length of the longest path in G. Prove that
log2 lp(G) ≤ td(G) ≤ lp(G).
5.6. Prove that for every graph G we have
td(G) = wcol∞ (G).
Definition 5.4. For p ∈ N, a coloring λ of vertices of a graph G is p-centered if for every
connected subgraph H of G, either the vertices of H receive more than p different colors under
λ, or there exists a color c such that exactly one vertex of H is colored c.
5.7. Prove that 1-centered colorings of a graph are exactly its proper colorings.
5.8. Prove that any p-centered coloring of a graph G is a treedepth-p coloring in the following
sense: For every p0 ≤ p, every set of p0 colors induces in G a subgraph of treedepth at most p0 .
5.9. Prove that if G has a treedepth-p coloring using N colors, then G also has a p-centered
N
coloring using N · p( p ) colors.
5.10. Let G be a graph, σ be its vertex ordering, and p ∈ N. Let us color the vertices of G using
wcol2p−1 (G, σ) colors by inspecting vertices in the increasing order w.r.t. σ and assigning each
vertex u a color that is not present among other vertices of WReach2p−1 [G, σ, u]. Prove that the
coloring obtained in this way is p-centered.
5.11. Prove that a class of graphs C has bounded expansion if and only if the following condition
holds: for every p∈N there exists a number N (p) such that every graph from C admits a p-centered
coloring using at most N (p) colors.
Definition 5.5. For a graph G and d ∈ N, we define a graph G=d as follows: the vertex set of
G=d is the same as of G, while two vertices u, v are adjacent in G=d if and only if they are at
distance exactly d in G.
5.12. Prove that every graph G of treedepth at most d admits a coloring using at most 2d − 1
colors with the following property: for any pair of vertices u and v, if the distance between u and
v in G is finite and odd, then u and v receive different colors.
5.13. Prove that if C is a class of bounded expansion and d ∈ N is odd, then there is a number M
such that for every graph G ∈ C, the graph G=d admits a proper coloring with at most M colors.
5.14. Estimate the constant M given by the solution of Problem 5.13 for C = Planar and d = 3.

6. Neighborhood complexity
6.1. Prove that a bipartite planar graph on n vertices has less than 2n edges.
6.2. Prove that if G is a planar graph and A is a subset of its vertices, then the cardinality of
the set family
{N [v] ∩ A : v ∈ V (G)}
is at most 7|A|+1. Here, N [v] is the closed neighborhood of v which consists of v and its neighbors.
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6.3. Let C be a graph class of bounded expansion. Prove that for every graph G ∈ C and subset
of vertices A ⊆ V (G), we have
|{N [v] ∩ A : v ∈ V (G)}| ≤ (4∇1 (C) + ∇1 (C) + 1) · |A| + 1.
In the next few problems we will work out a proof of the following theorem
Theorem 6.1. Let C be a graph class of bounded expansion and let d ∈ N be fixed. Then there
exists a constant C such that for every graph G ∈ C and nonempty subset of vertices A ⊆ V (G),
we have
|{N d [v] ∩ A : v ∈ V (G)}| ≤ C · |A|.
Here N d [v] is the distance-d neighborhood of v which consists of all vertices at distance at most
d from v.
Definition 6.2. For a graph G, set of vertices A, and v ∈ V (G), the distance-d profile of v on
A is the function profiled [v, A] : A → {0, 1, . . . , d, +∞} defined as follows: for a ∈ A, we put
(
dist(v, a) if dist(v, a) ≤ d,
profiled [v, A](a) =
+∞
otherwise.
6.4. Prove that in Theorem 6.1 it suffices to bound the number of different functions on A realized
as distance-d profiles by C · |A|.
Let σ be a vertex ordering of G with optimum weak 2d-coloring number, that is,
wcol2d (G, σ) = wcol2d (G) ≤ wcol2d (C).
Let us define
B :=

[

WReachd [G, σ, a].

a∈A

Further, for each u ∈ V (G) let
X[u] := WReachd [G, σ, u] ∩ B.
6.5. Prove that if for two vertices u, v ∈ V (G) we have
X[u] = X[v]

and

profiled [u, X[u]] = profiled [v, X[v]],

then also
profiled [u, A] = profiled [v, A].
Conclude that it suffices to bound the cardinality of the family {X[u] : u ∈ V (G)} by C · |B| for
some constant C.
6.6. Prove that for every u ∈ V (G) with non-empty X[u], if b is the vertex of X[u] that is the
largest in the ordering σ, then we have
X[u] ⊆ WReach2d [G, σ, b].
Using this observation finish the proof of Theorem 6.1.
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Abstract
With the use of basic theorems, both Euclidean and projective geometry, we will explore
projective maps. We will classify projective maps from a pencil to another pencil. We will
classify projective maps from a conic to itself and we will present a necessary and sufficient
condition for a map to be projective. Later we will introduce pencils of conics and try give
an intuition of how to interpret them. Lastly we will end up proving Poncelet’s theorem.

1. Preliminaries
1.1. Cross-ratio
Definition 1.1. Given four collinear points A, B, C, D, we will define their cross-ratio as
(A, B; C, D) =

AC · BD
.
BC · AD

Remark 1.2. If (A, B; C, D) = −1, then we call such a quadruple a harmonic quadruple.
Fact 1.3. Cross-ratio has the following properties:
• (A, B; C, D) = (D, C; B, A),
• (A, B; C, D) · (B, A; C, D) = 1,
• if (A, B; C, D) = −1, then also (A, B; C, D) = (B, A; C, D) = (A, B; D, C) = −1,
• if (A, B; C, D) = (A, B; C, D0 ) and A 6= C, B 6= C, then D = D0 .
Definition 1.4. For given four concurrent lines a, b, c, d we define their cross-ratio as
(a, b; c, d) =

sin(∠(a, c)) · sin(∠(b, d))
.
sin(∠(b, c)) · sin(∠(a, d))

Fact 1.5. Let a, b, c, d be concurrent lines, let l be a line not passing through that point of
intersection. Let l intersect a, b, c, d at A, B, C, D respectively. Then
(a, b; c, d) = (A, B; C, D) .
Definition 1.6. Given four points A, B, C, D lying on a circle ω we define their cross-ratio as
(A, B; C, D)ω = (P A, P B; P C, P D) ,
where P is an arbitrary point on ω.
Remark 1.7. Note that the value of the abovementioned expression does not depend on the
choice of P .
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1.2. Poles and polars
Definition 1.8. Let ω be a circle centred at O. Let P be a point. By the polar of P with
respect to ω we understand the line perpendicular to the line OP that passes through the image
of P under the inversion with respect to ω.
Corollary 1.9. Let P be a point lying exterior of ω. Let A and B be points on ω such that
P A and P B are tangents. Then AB is the polar of P .
Let P be a point lying in the interior of ω. Let A and B be points on ω such that P is the
midpoint of AB. Let the tangents to ω at A and B intersect at Q. Then the line parallel to AB
passing through Q is the polar of P .
Theorem 1.10. Let P A and P B be tangents to the circle ω. Let l be an arbitrary line passing
through P that intersects ω at C and D and the line AB at Q. Then (D, C; Q, P ) = −1.
Proof.

A

B

(A, B; C, D)ω = (P, Q; C, D) = (B, A; C, D)ω =⇒ (P, Q; C, D) = −1 .
Theorem 1.11 (La Hire). If the point X lies on the polar of the point Y with respect to ω,
then Y lies on the polar of X with respect to ω.
Proof. Let the polar of Y intersect ω at A and B. Let C be a point on ω such that CX is
a tangent. Let CY intersect ω at D and AB at E. It is enough to show that CY is the polar of
X, which is equivalent to showing that (A, B; E, X) = −1. But
B

C

−1 = (E, Y ; D, C) = (A, B; D, C)ω = (A, B; E, X) .

2. Warm-up
Definition 2.1. Projective map of a plane is a map which can be represented as a composition
of projections.
Corollary 2.2. Projective map preserves cross-ratio.
Definition 2.3. The following definitions of a conic section are equivalent:
• intersection of a plane with a cone,
• the image of a circle under a projective map,
• second degree curve.
Theorem 2.4 (Pascal). Hexagon ABCDEF is inscribed in a conic if and only if the points
AB ∩ DE, BC ∩ EF and CD ∩ F A are collinear.
Theorem 2.5 (Braikenridge–Maclaurin). Five appropriate elements uniquely determine a conic:
• 5 points in general position,
• 4 points in general position and a tangent passing through exactly 1 of given points,
• 3 points in general position and 2 tangents passing through exactly 2 of given points,
• 2 points and 3 tangents in general position containing exactly 2 of given points,
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• point and 4 tangents in general position containing that point,
• 5 tangents in general position.
2.1. Lines l and k intersect at A. B, C, D ∈ l and B 0 , C 0 , D0 ∈ k are points such that (A, B; C, D) =
(A, B 0 ; C 0 , D0 ). Prove that the lines BB 0 , CC 0 and DD0 are concurrent.

3. Projective maps on a conic
Definition 3.1. Pencil P is the set of all lines passing through the point P .
Definition 3.2. Chain C is the set of all tangents to the conic C.
Theorem 3.3 (Steiner). Let f be a bijection from the pencil P to the pencil Q. Then the
following three conditions are pairwise equivalent:
(1) f preserves cross-ratio,
(2) the set of points of the form p ∩ f (p), where p runs through all the lines from the pencil P
is:
• a line, if f (P Q) = P Q,
• a conic passing through the points P and Q, otherwise,
(3) the set of lines of the form (x ∩ f (y))(y ∩ f (x)), where (x, y) runs through all the lines from
the pencil P , is a pencil.
Corollary 3.4. From the abovementioned theorem it follows that the following definition is
well-defined.
Definition 3.5. Let A, B, C, D be points on the conic C. Then by the cross-ratio of these four
points with respect to the conic C we understand the following expression
(A, B; C, D)C = (P A, P B; P C, P D) ,
where P is an arbitrary point on the conic C.
3.1. Given four points A, B, C, D find the locus of points P such that
(P A, P B; P C, P D) = 2019 .
Once we have defined the cross-ratio of four points on a conic we can start thinking about
projective maps from a conic to itself, that is maps that preserve the cross-ratio.
Theorem 3.6. f is projective on a conic C if and only if the set of points of the form Xf (Y )∩
Y f (X) is a line, where (X, Y ) runs all through pairs of points on C.
Definition 3.7. Let C be a conic and P be a point. Let F be a projective transformation of
the plane such that F (C) is a circle. Let p be the polar of F (P ). Then by the polar of P , with
respect to C, we understand the line F −1 (p).
The pole or polar of the object x will be denoted by PC (x).
Corollary 3.8. Analogous theorems to 1.10 and 1.11 hold for the poles and polars with respect
to any conic.
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Definition 3.9. We say that two conics C and D are double tangent if there exists a line l such
that for every point P ∈ l we have PC (P ) = PD (P ).
3.2. Prove that the following conics are double tangent:
• conics that have two tangency points,
• two circles with the same centre.
Theorem 3.10. Let f be a map from the conic C to itself. If the set of lines of the form Xf (X),
where X runs through all the points from C is a pencil or a chain, which is double tangent to C,
then f is projective.
Let C and D be two double tangent conics with the line l. Let’s assume that C lies in the interior
of D. Let P and Q be arbitrary points from the conic C. Let’s denote R =l∩P Q. Let the tangents
to C at P and Q intersect D at X and Y 0 , respectively. Let the line XR intersect the line QY 0
and conic D at K and L respectively. Let P(R) intersect XR and P Q at A and B respectively.
3.3. The lines Y 0 Q, AB and XP are concurrent.
3.4. (X, L; A, R) = −1, (P, Q; B, R) = −1.
3.5. (X, K; A, R) = −1.
3.6. K = L = Y 0 .
3.7. The lines P Q, XY 0 and l are concurrent.
Lemma 3.11. Let C be a conic and P be a point. Then there exists a projective transformation
F of the plane such that F (C) is a circle and F (P ) is its centre or a point at infinity.
3.8. Prove theorem 3.10.
Theorem 3.12. If f is a projective map from the conic C to itself, then the set of lines of the
form Xf (X), where X runs through all the points from C, is a double tangent conic to C or
a pencil.
3.9. Let C be a conic and let l be a line that is disjoint with C. Prove that there exists a transformation F of the plane such that F (C) is a circle and F (l) is the line at infinity.
3.10. Prove theorem 3.12 assuming that f has no fixed points.
Lemma 3.13. Every two congruent, well-oriented parabolas that have the same axis of symmetry
are double tangents.
3.11. Prove theorem 3.12 assuming, that f has exactly 1 fixed point.
3.12. Prove theorem 3.12 assuming that f has exactly 2 fixed points.
Theorem 3.14. Prove that every projective map from a conic to itself can be represented as
a composition of at most two central projections.
3.13. Points A, A0 , B, B 0 , C, C 0 , D, D0 lie in this order on a conic C. Prove that if the lines
AC, A0 C 0 , BD, B 0 D0 are concurrent, then the points A0 D0 ∩ AD, AC ∩ BD and BC ∩ B 0 C 0 lie
on one line.
3.14. Write down statements that are dual to 3.3, 3.5, 3.6, 3.10 and 3.14.
Remark 3.15. Note that the value of the abovementioned expression does not depend on the
choice of P .
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4. Pencils of conics and Poncelet’s theorem
4.1. Pencils of conics
In this section we will consider simplified definitions of pencils of conics.
Definition 4.1. A pencil of conics is a set of all conics passing through fixed points A, B, C, D
and let it be denoted by P(A, B, C, D).
Remark 4.2. Points A, B, C, D may coincide.
Definition 4.3. For two conics C1 and C2 , which have 4 intersection points A, B, C, D, we
define pencil as P(C1 , C2 ) = P(A, B, C, D).
Corollary 4.4. Pencils of conics are preserved under projective transformations of a plane.
4.2. Involution
Definition 4.5. A transformation ϕ : l →l on the line l, which satisfies the following conditions:
(1) is not an identity,
(2) for all points P ∈ l, ϕ(ϕ(P )) = P ,
(3) ϕ preserves cross-ratio on l,
is called an involution.
Definition 4.6. Let ϕ be an involution on line l, then we define a pivot of an involution as
ϕ(l∞ ), where l∞ is a point at infinity on line l.
Proposition 4.7. An involution on line l is uniquely determined by two distinct pairs of
correspondent points.
Proposition 4.8. Let ϕ be an involution on the line l and let P = ϕ(l∞ ), then
(1) if P = l∞ , ϕ is a central symmetry,
(2) if P 6= l∞ , for any points X, Y ∈ l\{l∞ , P }
P X · P X0 = P Y · P Y 0 ,
where ϕ(X) = X 0 and ϕ(Y ) = Y 0 .
Corollary 4.9. Any involution is a symmetry, inversion or anti-inversion.
Corollary 4.10. Any involution has 0 or 2 fixed point.
Proposition 4.11. If a transformation ϕ : l → l on the line l is projective and there exists such
A ∈ l that ϕ(A) 6= A and ϕ(ϕ(A)) = A, then ϕ is an involution.
4.3. Involutional Desargues’ theorem
Theorem 4.12 (Involutional Desargues’ theorem). Given is a pencil of conics P(A, B, C, D)
and a line l 63 A, B, C, D. Let’s define the transformation ϕ on line l, such that for each point P ∈ l
it assigns the second intersection point of a conic from P passing through P with l. Then ϕ is an
involution.
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Corollary 4.13. For a given line l and a given pencil of conics P there are 0 or 2 conics in P
tangent to l.
Definition 4.14. Let ϕlP denote the involution determined by pencil of conics P on the line l.
4.4. Poncelet’s theorem
Lemma 4.15. Given is a pencil of conics α0 , α1 , α2 ∈ P and points A, B, C ∈ α0 , such that AB
is tangent to α1 at point K and AC is tangent to α2 at point N . Then there exists such point
D ∈ α0 that DB is tangent to α2 at point M and DC is tangent to α1 at point L and points
K, L, M, N are collinear.
Lemma 4.16. Given are two different conics α0 and α1 and points A, B, C, D ∈ α0 , such that
AB is tangent to α1 at point K and CD is tangent to α1 at point L. Then there exists such
conic α2 ∈ P(α0 , α1 ) that BD is tangent to α2 at point M and AC is tangent to α2 at point L
and points K, L, M, N are collinear.
Lemma 4.17. Given is a pencil of conics α0 , α1 , α2 ∈ P and points A, B, C ∈ α0 , such that AB
is tangent to α1 at point X and AC is tangent to α2 at point Y . Then Z1 = XY ∩ BC and Z2
such that lines AZ2 , BY, CX are concurrent are the points of tangency of certain conics from P
to BC.
Theorem 4.18 (Simplified Poncelet’s theorem). Given is a pencil of conics α0 , α1 , α2 , α3 ∈ P
and points A3 = A0 , A1 , A2 ∈ α0 such that Ai Ai+1 is tangent to αi+1 at point Xi+1 for i ∈ {0, 1, 2}.
Then if the points X1 , X2 , X3 are not collinear, if we take a point B0 ∈ α0 and run the following
procedure, staring with i = 0:
1. choose a tangent to αi+1 passing through Bi and let Bi+1 denote its second intersection
point with α0 ,
2. increment i,
3 times, if it is well-defined (we can take tangent at each step), there exists a way of choosing the
tangents such that B3 = B0 .
Remark 4.19. If points X1 , X2 , X3 are collinear there are at most 3 such points B0 , for which
procedure described above can return to B0 after 3 iterations.
Theorem 4.20 (Poncelet’s theorem). Given is a pencil of conics α0 , α1 , . . . , αn ∈ P for n > 3
and points An = A0 , A1 , . . . , An−1 ∈ α0 such that Ai Ai+1 is tangent to αi+1 at point Xi+1 for
i ∈ {0, 1, . . . , n − 1}. Then if
n−1
Y Ai Xi+1
= (−1)n ,
A
X
i+1 i+1
i=0
where Xn+1 = X1 , if we take a point B0 ∈ α0 and run the following procedure, staring with i = 0:
1. choose a tangent to αi+1 passing through Bi and let Bi+1 denote its second intersection
point with α0 ,
2. increment i,
n times, if it is well-defined (we can take tangent at each step), there exists a way of choosing the
tangents such that Bn = B0 .
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4.5. Further generalizations

The concept of pencils of curves of second degree can be easily extended using an algebraical
approach as follows.
Definition 4.21. For two different conics C1 (x, y) = 0 and C2 (x, y) = 0 we define a (generalized)
pencil of conics P(C1 , C2 ) as a set of all conics of form
a C1 (x, y) + b C2 (x, y) = 0 ,
where a, b ∈ R and a2 + b2 6= 0.
Remark 4.22. This definition extends previous definition 4.1 and it is consistent with wellknown definition of pencils of circles.
Proposition 4.23. Generalized pencils are preserved under projective transformations.
Proposition 4.24. Involutional Desargues’ theorem can be extended for generalized pencils
of conics.
Proposition 4.25. Poncelet’s theorem can be extended for generalized pencils of conics.

Reading list
• Course in Pure Geometry starting from basic Euclidean properties:
G. H. Hardy, A Course of Pure Geometry.
• Applications of Steiner’s theorem in Olympiad style problems and other useful methods
from projective geometry:
V. Zveryk, The Method of Moving Points.
• Applications of involutional Desargues’ theorem in Olympiad style problems:
MarkBcc168, On the Desargues’ Involution Theorem.

References
[1] A. V. Akopyan and A. A. Zaslavsky Geometry of Conics American Mathematical Society,
USA, 2007.
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Josef Tkadlec

Abstract
Evolutionary graph theory is a framework for modelling how different entities spread through
a graph. Mathematically, it studies certain discrete-time stochastic processes that change a
vertex-coloring of a given graph, one vertex at a time. The initial motivation comes from
studying whether a genetic mutation, initially present in a population at a low frequency,
eventually proliferates.

1. Warm-up problems
1.1. Repeatedly tossing a die, what is the chance that you toss a 6 before tossing a prime?
1.2. Repeatedly tossing a die, how many tosses, on average, until you toss a 6?
1.3. When n people shuffle their hats randomly, how many, on average, get their hat back?
1.4. How many coin flips, on average, until you see pattern HT ? Pattern HH? Which pattern
is more likely to appear first?
1.5 (Polya’s Urn). In the beginning, an urn contains 2 black balls and 1 white ball. In one
step, you draw a random ball, put it back and add 1 more ball of the same color into the urn.
You stop when the urn contains 30 balls. What is the expected number of black balls in the urn?
1.6. How many coin flips, on average, until you see an odd streak of heads followed by a tail?
1.7. In a row of n + 1 dots, the leftmost one is black and the others are white.
(a) In each step, you pick two neighboring dots (uniformly at random) and recolor the right
one by the color of the left one. What is the expected number of steps until all dots are
black?
(b) [hard] What if instead, in each step, you pick any two (different) dots?

2. Definitions: Moran process
Here we describe Moran Birth-death process on graphs. Let G be a connected graph whose nodes
are colored black and white. Each white node has (normalized) fitness 1, each black node has
(relative) fitness r. (For notation purposes, let f (v) be the fitness of the individual at node v.)
Until all the nodes are the same color, repeat the following steps:
• (Birth) A node is selected for reproduction with
P probability proportional to its fitness. That
is, node u is selected with probability f (u)/ v f (v).
• (Migration) An outgoing edge from u is selected uniformly at random. That is, an edge
(u, v) is selected with probability 1/ deg(u).
• (Replacement) Node v becomes the same color (and fitness) as node u.
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This is called Bd updating, because first the fitness determines who gives “birth” and then a
random neighbor dies. (An alternative is a dB updating in which first a random node dies and
then the neighbors’ fitnesses determine who fills the gap.)
We are typically interested in a fate of a single invader – how likely is it to spread and how long
does it take, on average? Given a connected graph G on n nodes, a number r and an initial node
v, let fp(G, r, v) be the probability that, starting from a single black
P node v, eventually all nodes
will be black. The fixation probability is the average fp(G, r) = n1 v fp(G, r, v) over initial mutant
placements. Regarding time, let T(G, r, v) be the expected number of steps until, starting from
a single black node v, all nodesP
become the same color (all black or all white). The absorption
time is the average T(G, r) = n1 v T(G, r, v) over initial mutant placements.
Unless specifically stated otherwise, we consider Bd updating, undirected graphs and fixed r > 1.
Claim 2.1 (Biased random walk). Starting at an integer k ∈ [0, n], doing unit steps right
r-times more often than doing unit steps left (r > 1) and terminating when youkstep on 0 or
n:
(a) the probability pk→n that you terminate at n is given by pk→n = (1 − 1/r )/(1 − 1/rn );
(b) you do, on average, Θ(n − k) steps.
2.1. For the unbiased walk (r = 1), the probability is k/n and you do, on average, k(n−k) steps.

3. Three theorems on specific graphs
Theorem 3.1 (Complete graph). For the complete graphs Kn we have fp(Kn , r) → 1 − 1/r
and T(Kn , r) = Θ(n log n).
Theorem 3.2 (Regular graphs). For any d-regular graph Rn we have fp(Rn , r) → 1 − 1/r
and T(Rn , r) ≤ 2n log n · d/i(G), where i(G) is the isoperimetric number (aka Cheeger constant)
of G.
Theorem 3.3 (Star graph). For the star graphs Sn we have fp(Sn , r)→1−1/r2 and T(Sn , r)=
Θ(n2 log n).
3.1. Find fp(Gn , 1) for any Gn .
3.2. Find fp(Gn , 1, v) for any undirected Gn and any node v. (How about fpdB (Gn , 1, v)?)
3.3. Find fp(Pn , 2, v1 ), where Pn is a path graph and v1 its one endpoint.
3.4. Find limn→∞ fpdB (Cn , r), where Cn is a cycle.
3.5 (Coupon Collector Problem). Certain brand sells cereal boxes with coupons inside.
There are n different coupons. How many boxes do you need to buy, on average, to collect all
coupons?

row

3.6 (Conway’s soldiers). Four pegs can be arranged below a line such that, jumping as in
solitaire, you can push one of them to 2nd row. How many pegs do you need to push a peg to
5th row?
2.
1.

3.7. Find fp(Ba,b , r), where Ba,b is a complete bipartite graph on a + b nodes.
Selected Handouts

 39

Josef Tkadlec

4. Extreme time
Theorem 4.1 (Lower bound). For any G on n ≥ 2 nodes we have T(G, r) ≥ fp(G,r)
· n log n.
r
r
Theorem 4.2 (Upper bound). For any undirected G we have T(G, r) ≤ r−1
· n4 .

Theorem 4.3 (Slow graphs). We have T(Dn , r) = Ω(n3 ), where Dn is a double star : a graph
on n = 2k + 2 nodes formed by joining two stars with k leaves each through their centers.
4.1. Find a family {Gn } of directed graphs such that T(Gn , r) = Ω(cn ) for some c > 1.

5. Extreme probability
For a fixed r > 1, a graph Gn is called an r-suppressor if it decreases the fixation probability
(fp(Gn , r) < fp(Kn , r)) and an r-amplifier if it increases it (fp(Gn , r) > fp(Kn , r)).
Theorem 5.1 (Super-suppressors). There exists a family {SSn } of graphs of increasing
population size such that fp(SSn , r) →n→∞ 0 for any r > 1.
Theorem 5.2 (Super-amplifiers). There exists a family {SAn } of graphs of increasing population size such that fp(SAn , r) →n→∞ 1 for any r > 1.
1
.
Theorem 5.3 (Upper bound on probability). For any Gn we have fp(Gn , r) < 1 − r+n

5.1 (No super-amplifiers for bounded degree graphs). For any Gn with maximum degree
1
d we have fp(Gn , r) < 1 − 1+rd
.
5.2. Show that there are no super-amplifiers under “temperature initialization” (that is, when
the initial black node appears at a node being replaced in a random migration event).
5.3. Show that there are no super-amplifiers under dB updating.

6. Open problems
6.1 (Time on square grid). Let SGn be the square grid on n nodes and r > 1. Find better
bounds for T(SGn , r) than Ω(n log n) and O(n3/2 log n).
6.2 (Faster than Kn ). Does there exist Gn and r > 1 such that T(Gn , r) < T(Kn , r)?
6.3 (Adversarial amplifiers). Does there exist Gn and r > 1 such that for all nodes v we
have fp(Gn , r, v) > fp(Kn , r)? (It is known that adversarial suppressors don’t exist.)
6.4 (Asymptotically optimal super-suppressors). Does there exist a family {Gn } with
√
e
fp(Gn , r) = o(1/ n)? (It is known that fp(Gn , r) = Ω(1/n).)

References
Most of the results stated here were proved by researchers in Leslie Ann Goldberg group (Oxford),
researchers in Krish Chatterjee group (IST Austria), and/or by George Giakkoupis (INRIA).
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Abstract
Lambda calculus is a formal system invented by Alonzo Church in 1930s that expresses
computations by using function abstractions and applications via variable substitutions. It
is capable of simulating any Turing machine and therefore it is considered its functional
counterpart. It has inspired and influenced modern functional programming languages like
Lisp, Haskell and ML.

1. Intro
1.1. Define an injection (A × B → C) → (A → B → C)
1.2. Define an injection (A → B → C) → (A × B → C)

2. Lambda Basics
Definition 2.1. Lambda term construction
• variable (x, y, z, a, b)
• application (M X, where M and X are lambda terms)
• abstraction (λv → A, where v is variable and A is a lambda term)
Conventions:
• ((A)) = (A)

• ABC = (AB)C

• λx → λy → A = λxy → A.

Definition 2.2. Free variables
• fv(var) = {var}
• fv(AB) = fv(A) ∪ fv(B)
• fv(λvar → A) = fv(A) − {var}
Reduction/equality rules
α

• α-conversion — if y ∈
/ fv(A) then λx → A −→ λy → A[x := y]
β

• β-reduction — (λx → A)B −→ A[x := B] limited to subterms of A in which x is free.
Requires collision resolving, for instance (λab → ba)b is not λb → bb.
η

• η-reduction — λx → F (x) −→ F
Definition 2.3. Term is in normal form when it is impossible to reduce. Term is normalizable
iff it is possible to reduce it to normal form. Term is strongly normalizable iff it reduces to normal
form regardless of reduction order.
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Theorem 2.4. If term is normalizable then reducing the outermost applications from the left
will always lead to normalization in a finite number of steps.
Theorem 2.5. If R reduces to P and Q then there exists such an S that P reduces to S and
Q reduces to S
Proof. https://www.cs.cornell.edu/~kozen/Papers/ChurchRosser.pdf
Exercises!
2.1. Reduce (λabc → cba)zz(λwv → w)

2.4. Reduce (λz → z)(λz → zz)(λz → zy)

2.2. Reduce (λxy → xyy)(λa → a)b
2.3. Reduce (λy → y)(λx → xx)(λz → zq)

2.5. Reduce (λxyz → xz(yz))(λx → z)(λx → a)

3. Logics
Definition 3.1. true = λxy → x

Definition 3.2. false = λxy → y

Exercises
3.1. Define neg — negation of logic value

3.4. Define impl — implication. Both directly
and using Morgan’s law

3.2. Define or — disjunction
3.5. Define iff — equivalence (directly — without using above definitions)

3.3. Define and — conjunction

4. Tuples
Definition 4.1. pair = λab → λg → gab
4.1. Define extraction of first/second element and turns it into a convenient arity 2 function
of a pair
(that takes first argument and returns a function that waits for the second one)
4.2. Define swapping elements — without use
4.4. Define uncurry — the opposite of above
of above
4.3. Define curry function — function that 4.5. Develop triples and solve any equivalent
takes a function that takes pair of arguments task out of the above
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5. Natural Numbers
Definition 5.1. n = λf → f n
Definition 5.2. 0 = λf x → x
Note Peano similarity:
2 = S(S(Z))peano = λSZ → S(S(Z))lambda
5.1. Define successor (λn → n + 1)

5.8. Define subtraction that stops at zero
(λnm → max0(n − m))

5.2. Define addition
5.3. Define multiplication

5.9. Define factorial

5.4. Define power

5.10. Define equality test

5.5. Define zero test (use our logics!)
5.6. Define a function that checks if number is
odd

5.11. Define greater/lesser comparison

5.12. *Check whether a divides b
5.7. Define predecessor that stops at zero
(λn → max0(n − 1))
5.13. *Define prime test

6. Words, Lists
6.1. Words over {a,b} alphabet
Word over 2-letter alphabet is just a natural number with two separate successors.
”aabab” = λabx → a(a(b(a(bx))))
6.1. Define length of a word

6.3. Define counting occurences of a letters

6.2. Define turning all a letters into b letters

6.4. Define check if word is empty

6.2. Lists
List behaves like a natural number that performs additional applications of respective elements
to the successor modifier.
[x, y, z] = λcn → cx(cy(czn))
[ ] = λcn → n
6.5. Define cons — a function that takes an object (head) and a list (tail) and appends it to the
beginning of the list, i.e cons 1 [2, 3] = [1,2,3]

6.8. Define append ing one list to another:
append [1,2,3] [3,4] = [1,2,3,3,4]

6.6. Define length of a list

6.9. Define filter ing out elements not matching
a predicate: filter (lesser 3) [2,5,3,1,6] = [2,1]

6.7. Define sum of all elements

6.10. Define map - apply a function over all
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elements of a list: map succ [1,2,3] = [2,3,4]
6.11. Define head — leftmost element of a list
with some default value if the list is empty:
head 8 [1,2,3] = 1, head 123 [ ] = 123
6.12. Define tail of a list - same list but without
first element:

6.15. Define list deconstruction - function that
considers two cases: either list is empty, or consists of a head and a tail. Example:
caseof [1, 2, 3, 4] 21 (λht → h − sum t)
= 1 − (2 + 3 + 4 + 0) = −8

tail [1, 2] = [2], tail [1] = [ ], tail [ ] = [ ]
6.13. Define reverse: reverse [1,2,3] = [3,2,1]

caseof [ ] 21 (λht → h − sum t) = 21

6.14. Define unzip — having list of pairs re- 6.16. Define zip of two lists: zip f [a,b,c]
turn pair of lists with respective elements on [q,w,e,r] = [f a q, f b w, f c e]. If lists are different
same positions
sized it should truncate shorter list
Continuation Passing Style — instead of returning the result we build up a function (called continuation) that given a compuation state will return the next state. For instance, multiplication
by 2 on natural numbers and factorial:
mult2 n = n (λk → λx → k(succ(succ x))) (λx → x) 0

factorial n = n (λkx → (x = n) x (x ∗ k(x + 1))) (λx → x) 1
Step-by-step beta reduction of simple exmple may help.
Using CPS define following functions
6.17. List reversing
6.18. Identity function working on lists (in similar manner to above)
6.19. Zip of two lists
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λlf x → reverse l (λab → f ba) x
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7. Recursion
Definition 7.1. Y combinator
λf → (λx → xx)(λx → xx)
Using the Y combinator
7.1. Define factorial

7.3. Define left fold of a list using list deconstruction (no reversing)

7.2. Define filter of a list using list deconstruction
7.4. Define zip of two lists

8. Simple Types
Definition 8.1. Type construction
• type variable — τ
• function type — α → β where α and β are types
Definition 8.2. Let Γ be an environment — a set of assumptions (x : τ ) stating that variable
x has type τ . Γ ` A : φ states that the term A has type φ in environment Γ. Note distinction of
variable and term.
Typing rules:
Check type
(x : τ ) ∈ Γ
Γ`x:τ
Lambda abstraction rule

Γ ∪ (x : τ ) ` A : γ
Γ ` λx → A : τ → γ

Application rule
Γ ` A : τ → γ ∧Γ ` B : τ
Γ ` AB : γ
For instance, the Check type rule states that if (x : τ ) ∈ Γ then the term x has type τ in Γ
environment.
8.1. Describe most general type of identity

8.6. Describe type of plus

8.2. Describe most general type of λab → a

8.7. Define well-typed multiplication. The re8.3. Describe type of true/false. It should be sulting value must have same type as the arguthe same for both values.
ments!
8.4. Describe type of an arbitrary natural num8.8. Define well-typed exponentiation. The reber
sulting value must have same type as the argu8.5. Describe type of successor
ments!
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Mathematics of Tournaments
Łukasz Bożyk

1. Basic properties
Definition 1.1 (n-tournament). Let n ≥ 1 be an integer. Every complete oriented graph
on n vertices is called an n-tournament. Tournaments with n ≥ 3 are called non-trivial ; unless
otherwise stated, only such will be considered thenceforth.
Vertices of a tournament will be sometimes (suggestively) called players or participants, and its
edges — games or matches. If A → B, we will say that A defeated or won with B.
Definition 1.2 (domination). We will say that a set of players A dominates a set of players B,
if every player from A won with every player from B; we denote it by A ⇒ B.
Definition 1.3 (score). The out-degree of vertex A, i.e. the number of matches won by A,
is called the score of A and denoted by s(A).
1.1. Determine all possible sums of scores of all participants in an n-tournament.
1.2. Determine all n ≥ 3 for which there exists an n-tournament with all participants having
(a) pairwise different scores;
(b) equal scores.
Definition 1.4 (regular tournament). An n-tournament is called regular, if every vertex
has equal in- and out-degree, or equivalently — if scores of all players are equal.
Definition 1.5 (transitive tournament). An n-tournament is called transitive if its participants can be denoted by A1 , A2 , . . . , An in such a manner that Ai → Aj iff i < j.
1.3. Prove that if all scores in a tournament are pairwise different, then the tournament is
transitive.
Definition 1.6 (cyclic triple). Every triple of players, who can be denoted by A, B, C in
such a way that A → B → C → A will be called a cyclic triple.
1.4. Prove that if A → B and s(A) ≤ s(B), then A and B are contained in some cyclic triple.
1.5. In an n-tournament there is no cyclic triple. Prove that the tournament is transitive.
1.6. What is (a) the smallest; (b) the largest possible sum of squares of scores of all participants
in an n-tournament?
1.7. We will call a participant strange if he defeated all players with higher score and he was
defeated by all players with lower score. Prove that all strange players in a tournament have
equal scores.
Definition 1.7 (isomorphism of tournaments). Two n-tournaments are isomorphic if
their participants can be denoted by A1 , A2 , . . ., An and A01 , A02 , . . ., A0n , respectively, in such a
way that Ai → Aj iff A0i → A0j .
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1.8. How many different (i.e. pairwise non-isomorphic) 3-tournaments are there?
Definition 1.8 (score sequence). Score sequence of an n-tournament is the sequence containing scores of all participants in a non-decreasing order; it will be denoted by (s1 , s2 , . . . , sn ).
E.g. (1, 1, 1) is the score sequence of a cyclic triple, and (0, 1, . . . , n − 1) is the score sequence of
the transitive n-tournament.
1.9. (a) Determine all possible score sequences of a 4-tournament.
(b) How many different 4-tournaments are there?
1.10. Do there exist two non-isomorphic tournaments with the same score sequence?
1.11. (a) Determine all possible score sequences of a 5-tournament.
(b) How many different 5-tournaments are there?
1.12. Prove that the number of different n-tournaments is not less than

n
2( 2 )
.
n!

1.13. Suppose that (s1 , s2 , . . . , sn ) is a sequence of integers satisfying 0 ≤ s1 ≤ s2 ≤ . . . ≤ sn and
k
X

 
k
si ≥
2
i=1

for k = 1, 2, . . . , n, with equality holding for k = n. Prove that there exists an n-tournament with
this sequence being its score sequence.
1.14. Determine all n ≥ 1 with the following property: It is possible to schedule all matches
of a (2n)-tournament in 2n − 1 rounds such that in each round there are n matches played
simultaneously (and each player participates in exactly one of them).

2. Cycles in tournaments
Definition 2.1 (k-cycle). A set of k games of a tournament is called a cycle of length k (or
k-cycle), if the players of these games can be denoted by A1 , A2 , . . ., Ak in such a way that the
games have the form A1 → A2 → · · · → Ak → A1 . In particular, cyclic triple is the set of players of
a 3-cycle.
Definition 2.2 (cyclic tournament). An n-tournament is called cyclic, if it contains an
n-cycle.
2.1. (a) Determine all cyclic n-tournaments for n = 3, 4, 5.
(b) Suppose that in an n-tournament s1 6= 0 and sn 6= n − 1. Does it follow that the tournament
is cyclic?
2.2. Prove that in every cyclic n-tournament there exists a cyclic triple.
2.3. Prove that every player of a cyclic n-tournament is contained in some cyclic triple.
2.4. Prove that in a cyclic n-tournament there are at least n/3 cyclic triples.
2.5. (a) Prove that in every cyclic n-tournament there exist at least n − 2 cyclic triples.
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(b) Prove that for every n ≥ 3 there exists a cyclic n-tournament having exactly n − 2 cyclic
triples.
2.6. What is the largest possible number of games of an n-tournament which are not contained
in any transitive triple?
2.7. In an n-tournament there is no 4-cycle. Determine the greatest possible number of cyclic
triples in this tournament.
2.8. Every participant of a tournament has score at least k, where k ≥ 1. Prove that in this
tournament there exists an `-cycle with
(a) ` ≥ k + 2;
(b) ` ≥ 2k + 1.

3. Master of tournament
Definition 3.1 (master). A participant A of a tournament is called a master if he has the
following property: For any partipant C with C → A there exists B such that A → B → C. In
other words, master is a participant who is in some cyclic triple with everyone who defeated him.
3.1. Prove that in every n-tournament there exists at least one master.
3.2. Prove that if in an n-tournament there is exactly one master, then his score equals n − 1.
3.3. Prove that there is no n-tournament with exactly two masters.
3.4. Prove that for every n ≥ 3 there exists an n-tournament with exactly three masters.
3.5. Determine all integers n ≥ 3 with the property that there exists an n-tournament in which
everyone is a master.
Definition 3.2 (λ-master). Participant A will be called a λ-master (λ ≥ 1) if for every C
such that C → A there exist at least λ different B such that A → B → C. In particular, 1-master
is just a master.
3.6. Prove that if in an n-tournament every participant is a λ-master, then n ≥ 4λ − 1.
3.7. (a) Find a 7-tournament in which everyone is a 2-master.
(b) Find a 11-tournament in which everyone is a 3-master.
3.8. Every edge of an n-tournament is either red, or blue. We will call player A a monochromatic
master if for every B there exists a monochromatic directed path from A to B. Prove that in
every n-tournament there exists at least one monochromatic master.
3.9. Every edge of an n-tournament is either red, green, or blue. We will call a cyclic triple
rainbow if its matches have pairwise different colors. Is it true that in every n-tournament
without rainbow cyclic triples there exists at least one monochromatic master?

4. Reducible tournaments
Definition 4.1 (reducible tournament). A tournament is called reducible if the set of all
its participants can be decomposed into two groups T1 and T2 with the property that T1 ⇒ T2 .
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4.1. Prove that the participants of every tournament can be divided into irreducible groups T1 ,
T2 , . . ., Tk in such a way that Ti ⇒ Tj for i < j.
4.2. Prove that an n-tournament
is reducible if and only if there exists k < n with the property

that s1 + s2 + . . . + sk = k2 .
4.3. Prove that an n-tournament is irreducible if and only if it is cyclic.
Definition 4.2 (spanning path). A spanning path of an n-tournament is a numbering of its
players by A1 , A2 , . . . , An in such a way that A1 → A2 → · · · → An .
4.4. Prove that in every n-tournament exists at least one spanning path.
4.5. Prove that in every n-tournament, which is not transitive, there exist at least two spanning
paths.
4.6. In an n-tournament there exist at least n spanning paths. Does it follow that the tournament
is cyclic?
4.7. (a) Every vertex of a tournament is contained in some cyclic triple. Does it follow that the
tournament is cyclic?
(b) Every edge of a tournament is contained in some cyclic triple. Does it follow that the
tournament is cyclic?
4.8. Prove that every regular tournament is cyclic.
4.9. (a) Prove that for every odd n there exists a regular n-tournament, whose matches can be
grouped into n−1
2 n-cycles.
(b) Does there exist a regular n-tournament, whose matches cannot be grouped this way?
4.10. Prove that for n ≥ 4 in every cyclic n-tournament there exists an (n − 1)-cycle.
4.11. Prove that every vertex of a cyclic n-tournament belongs to some k-cycle for k = 3, . . . , n.
4.12. Prove that for n ≥ 4 in every irreducible n-tournament T there exist at least two distinct
vertices A and B with the property that tournaments T − A and T − B are irreducible.
4.13. (a) Prove that if in an n-tournament the lowest score equals at least n/4, and the highest
score is strictly smaller than 3n/4, then the tournament is irreducible.
(b) Characterise all reducible n-tournaments in which the lowest score equals at least n/4, and
the highest score equals at most 3n/4.
Definition 4.3 (game inversion). We will call replacing game A → B with A ← B an inversion.
4.14. We will call a match of an irreducible tournament reducing if after its inversion the tournament becomes reducible. For every n ≥ 3 determine the largest possible number of reducing
matches in an n-tournament.
4.15. Fore every n ≥ 3 determine the smallest positive integer r with the following property:
Every irreducible n-tournament can be transformed to a reducible one by performing at most r
inversions.
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5. Counting subtournaments
5.1. Determine the largest integer n such that there exists an n-tournament without a transitive
4-subtournament.
5.2. Prove that every (2n )-tournament admits at least one transitive (n + 1)-subtournament.
5.3. Determine the number of transitive triples in an n-tournament in terms of terms of its score
sequence, i.e. (s1 , s2 , . . . , sn ).
5.4. (a) Let B be any participant of an n-tournament. Prove that the number of pairs (A, C)
of participants such that A → B → C is at most 14 (n − 1)2 .
(b) Prove that in an n-tournament there are at most


1 n+1
4
3
cyclic triples.
5.5. Prove that for every n ≥ 1 the number of cyclic triples in any regular (2n + 1)-tournament
equals 16 n(n + 1)(2n + 1).
Definition 5.1 (strongly regular tournament). A tournament is called k-strongly regular, if it is regular and for each pair of players A, B there are exactly k players who were defeated
by both A and B.
5.6. Prove that if an n-tournament is k-strongly regular, then n = 4k + 3.

5.7. Prove that a cyclic n-tournament admits at least n−1
cyclic subtournaments.
2
5.8. Prove that the largest possible number of transitive k-subtournaments in a cyclic n-tournament equals
  

n
n−2
−
.
k
k−2
Definition 5.2 (inducibility). Denote by Tn the set of all n-tournaments, and let d(Tk , Tn )
be the probability that k vertices of an n-tournament Tn chosen uniformly at random induces a
tournament isomorphic to Tk . Moreover, let
ind(Tk , n) = max {d(Tk , Tn )} and ind(Tk ) = lim ind(Tk , n)
Tn ∈Tn

n→∞

(the last definition is valid as this limit always exists). The number ind(Tk ) is called the inducibility of tournament Tk .
5.9. Calculate the inducibility of the cyclic triple.
5.10. Calculate the inducibility of the (unique) cyclic 4-tournament.
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Tímea Csahók

1. Vector spaces, matrices
Definition 1.1. A set V is called a vector space over the field K if there are two maps
+ : V × V → V and · : K × V → V such that
• (V, +) is and Abelian group (i.e. commutative)
• for every µ, λ ∈ K,
• for every λ ∈ K,
• for every µ, λ ∈ K,

v∈V

(λµ) · v = λ · (µv)

u, v ∈ V

λ · (u + v) = λ · u + λ · v

v∈V

(λ + µ) · v = λ · v + µ · v

• 1 · v = v (1 denotes the unit in K)
Definition 1.2. Vectors v1 , . . . , vn ∈ V are linearly dependent if there exist scalars
a1 , . . . , an ∈ K not all zero such that
a1 v1 + a2 v2 + . . . + an vn = 0
Vectors v1 , . . . , vn ∈ V are linearly independent if they are not linearly dependent.
Definition 1.3. A set of vectors {w1 , w2 , . . . , wm } is a generating set of vector space V
if for every v ∈ V there exist a1 , a2 . . . , am ∈ K such that
a1 w1 + a2 w2 . . . + am wm = v
Definition 1.4. A set of vectors B is a basis of V if B is a linearly independent generating
set. The dimension of V is dim V = |B|.
1.1. (a) Show that if I = {v1 , v2 , . . . , vn } is an independent set and G = {w1 , w2 , . . . , wm } is a
generating set, then n ≤ m and there exists an ordering of the elements of G such that
{v1 , v2 , . . . , vn , wn+1 , wn+2 , . . . , wm } is also a generating set.
(b) Deduce that the dimension is well-defined in finite dimensional vector spaces.
Theorem 1.5 (Dimension formula). If A, B are finite dimensional subspaces of vector space
V then
dim (A + B) = dim A + dim B − dim (A ∩ B)
where A + B is the subspace generated by A and B.
Definition 1.6. A map A : V → V is said to be linear if for every u, v ∈ V , λ ∈ K
A(u + v) = Au + Av

and A(λv) = λ(Av)

1.2. We have seen that in the plane a rotation around the origin with α degrees is a linear map.
Determine its matrix in the usual basis.
Definition 1.7. The product of matrices A, B ∈ K n×n A = ((ai,j )) and B = ((bi,j )) is
AB = ((ABi,j )), where
n
X
ABi,j =
ai,r br,j
r=1
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1.3. Show that K n×n is a non-commutative unitary ring which contains zero divisors (if n ≥ 2).
1.4. What are the elements A ∈ K n×n that commute with every element, i.e. AB = BA for all
B ∈ K n×n ? (These elements form the center of the ring.)

2. Symmetrical bilinear maps
Definition 2.1. A map β : V × V → K is bilinear if it is linear in both of its variables, i. e.
for all u1 , u2 , v1 , v2 ∈ V , λ ∈ K
β(u1 + u2 , v) = β(u1 , v) + β(u2 , v) and β(λu, v) = λ(β(u, v))

β(u, v1 + v2 ) = β(u, v1 ) + β(u, v2 ) and β(u, λv) = λ(β(u, v))
Definition 2.2. A bilinear map β with matrix A is symmetrical if for all u, v ∈ V β(u, v) =
β(v, u) (or equivalently AT = A).
Definition 2.3. The quadratic form associated to a symmetrical bilinear map β is
qβ : V → K, qβ (v) = β(v, v).
Claim 2.4. If char K 6= 2 then the symmetrical bilinear map β and its associated quadratic form
qβ define each other uniquely.
Theorem 2.5. If char K 6= 2 then in a sufficient basis the matrix of the symmetrical bilinear
map β is diagonal.
Theorem 2.6 (Sylvester’s law of inertia). If K = R, every bilinear map β is diagonal in a
sufficient basis with entries 0 and ±1 in the diagonal, and the number of diagonal entries of each
kind is invariant under the change of such basis.
Definition 2.7. A bilinear map β over R is a positive definite if β(v, v) > 0 for all v ∈ V ,
positive semidefinite if β(v, v) ≥ 0.
The same definition holds for negative definite and semidefinite bilinear forms. If a bilinear form
is none of the above, it is said to be indefinite.
Theorem 2.8. A bilinear map β with matrix A is positive definite if and only if the determinant
of its upper-left k × k sub-matrix (k-th leading principal minor) is positive for every k.
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3. Quadratic surfaces
Definition 3.1. The n dimensional quadratic hypersurface defined by
A ∈ K (n+1)×(n+1) is the set of points x ∈ K n+1 for which xT Ax = 0.
If n = 2, it is called a quadratic surface, that is what we are interested in.
Definition 3.2. Points x, y ∈ K n+1 are conjugates with respect to A if xT Ay = 0.
Notation: x ∼ y. A point is singular if it is conjugated to every other point. The quadratic
surface A is nondegenerate if it contains no singular points.
Claim 3.3. If A is a quadratic surface and P ∈ A, then
(a) if P and R are not conjugates then the line P R contains exactly one other point from A
(other than P ).
(b) if R ∈
/ A and P ∼ R, then P R ∩ A = {P }.
(c) if R ∈ A and P ∼ R, then P R ⊂ A.
Definition 3.4. If A is a quadratic surface, the set {X ∈ K n+1 : X ∼ P } is called the polar
of point P . In other words, this is the set of points that are conjugated to P with respect to A.
Claim 3.5. If A is nondegenerate then the polar of a point is a line.
Claim 3.6. If A is nondegenerate then
(a) to different points belong different polars.
(b) the polars of collinear points are concurrent.
Definition 3.7. The common point of the polars of the points on line l is the pole of line l.
Claim 3.8. If A is a nondegenerate quadratic surface and P ∈ A, then the polar of P is the only
tangent to A at P .

4. Problems
4.1. Prove that a nondegenerate quadratic surface contains no 3 collinear points.
4.2. Show that 5 points define a conic uniquely.
4.3. What is the tangent to ellipse
x2 − 3xy + 4y 2 + 2x + y − 5 = 0
at point (2, 3)?
Definition 4.1. If points A, B, C, D are collinear then their cross ratio is defined by
−→ −−→
AC · BD
(A, B, C, D) = −−→ −−→
BC · AD
Equivalently, if C = λ1 A + µ1 B and D = λ2 A + µ2 B, then (A, B, C, D) = λµ11 µλ22 .
4.4. Show that if A is nondegenerate quadratic surface and U, V ∈ A, then for any P, R ∈ U V
P ∼ R ⇔ (U, V, P, R) = −1.
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4.5. Show that the polar of the focus of a parabola is its directrix.
4.6. What is the pole of the ideal line in the case of parabolas, ellipses, hyperbolas?
4.7. Determine the asymptotes of the hyperbola
2x2 − 3xy − x + 3y + 4 = 0
4.8. How could we determine the axis of symmetry in a parabola?
4.9. Calculate the axis of symmetry in the parabola
x2 − 2xy + y 2 − 6x − 2y + 9 = 0
4.10. How can we distinguish between different types of conic sections based on their matrices?
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Neural Networks
Marian Poljak
Machine learning is a pervasive topic nowadays. Neural networks are a technique which achieves
state-of-the-art performance on many current computational tasks. During this lecture, we will
explore how neural networks work and using which methods they are able to generalize a huge
amount of information.

1. Neuron
What is a neural network actually? Neural networks are inspired by the human brain, which
contains neurons. These neurons are connected in a specific way, ‘programmed’ to receive some
information as an input — if this input is strong enough, they activate and send this to another
set of neurons.
This is roughly how all the complex decision-making we humans do looks like - just a huge number
of neurons firing and influencing each other.

In the picture, we can see an easy example of an artificial neuron with three inputs and one
output. How could the transmission of information work?
Let’s say that every input is either active or inactive, x1 , x2 , x3 ∈ {0, 1}. We want to express the
strength of connections in this network — for that we will use weights w1 , w2 , w3 ∈ R. We will
also add a threshold, which determines how hard it is to activate the neuron. This number b ∈ R
is called a bias. Our artificial neuron will receive a weighted sum in and then decide, whether it
will activate.1
This kind of neuron is called a perceptron.

2. Neural network structure
Even one neuron is able to do some non-trivial decisions — why not generalize to a more complex
structure? In the following picture, there is an input layer, which produces some activations in
the next layer. The output of the neurons in the first layer is an input for the neurons in the
second layer, which produces some output in the only neuron in the last (output) layer.
1 We

can think of it as ‘weighting’ smaller sub-decisions in order to produce a decision.
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Motivation for this more complex structure (neural network ) is the fact, that maybe the layers
are able to generalize the input into something much more complex and abstract, thus somehow
simulating human brain.
2.1. Show that with a suitable structure of perceptrons, we can express any logical function
f : {0, 1}n → {0, 1}.2
Perceptrons are able to simulate any logical decision . . . if we have the right weights and biases,
which determine the behaviour of the neural network. Here comes the hard part — how do we
find these right parameters, so that the network behaves the way we desire?
Let’s introduce another type of neuron — a sigmoid neuron, which doesn’t have a binary activation. Instead, its activation is σ(in) = 1+e1−in .
2.2. Can you list some intuitive advantages and disadvantages of perceptron and sigmoid neuron?3

3. Notation & warmup
3.1. Prove that for any precision we desire, we are able to approximate any continuous function
f (x), x ∈ [a, b] by a neural network with only 1 hidden layer.
Let’s begin with a notation which lets us refer to weights in the network in an unambiguous way.
l
We’ll use wjk
to denote the weight for the connection from the k th neuron in the (l − 1)th layer
th
to the j neuron in the lth layer. So, for example, the diagram below shows the weight on a
connection from the fourth neuron in the second layer to the second neuron in the third layer of
a network.
We use a similar notation for the network’s biases and activations. Explicitly, we use blj for the
bias of the j th neuron in the lth layer. And we use alj for the activation of the j th neuron in the
lth layer.
2 In

other words, perceptron is computationally universal.
are many more so called activation functions, sigmoid is only one of them.

3 There
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Now we can express the layer transition by this equation:
X
l
l
alj = σ(
wjk
al−1
k + bj )
k

In matrix form, this is al = σ(wl al−1 + bl )
Definition 3.1. Let’s call this weighted input to the lth layer: z l = wl al−1 + bl .
Definition 3.2. Let’s have a function f , which is a neural network. We define a cost function
of this neural network with respect to some training data train = (in, out) as
C=

1X
kf (ink ) − outk k2
n
k

The function measures how ‘well’ the neural network is doing — but how to optimize the weights
and biases?

4. Gradient descent
Let’s stop thinking about neural networks for a moment and let’s try to optimize a general
function with multiple variables.
Theorem 4.1 (Gradient is a good approximation). Let’s have a continuous function C
with n real variables. Then for sufficiently small local area
∆C ≈

∂C
∂C
∆v1 + · · · +
∆vn
∂v1
∂vn

(4.1)

holds.
4.1. Let’s have a continuous function C with n real variables. We know its gradient and we are
allowed to move in any (n-dimensional) direction by  > 0. Where to move in order to decrease
the function value of C as much as possible?
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How can we apply gradient descent to learn in a neural network? The idea is to use gradient
descent to find the weights wk and biases bl which minimize the cost function. To see how
this works, let’s restate the gradient descent update rule, with the weights and biases replacing
the variables vj . In other words, our ‘position’ now has components wk and bl , and the gradient
vector ∇C has corresponding components ∂C/∂wk and ∂C/∂bl . Writing out the gradient descent
update rule in terms of components, we have
∂C
∂wk
∂C
bl → b0l = bl − η
.
∂bl

wk → wk0 = wk − η

(4.2)
(4.3)

By repeatedly applying this update rule we can ‘roll down the hill’, and hopefully find a minimum
of the cost function. In other words, this is a rule which can be used to learn in a neural network.
It is particularly useful for neural networks, as other (more exact) methods fail due to very high
dimensionality. But it is also the reason why neural networks seem like a blackbox.

5. Backpropagation
There is only one thing missing now — how to efficiently compute the gradient of a cost function?
Definition 5.1. Let’s call this
δjl ≡

∂C
.
∂zjl

(29)

an error of a neuron j in layer l.
Let’s focus just on one training example with input x and desired output y.4
For this one example, we will use an algorithm called backpropagation.

4 Getting the final gradient is then trivial — just averaging the gradients for every training example in our
training set.
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Theorem 5.2 (Chain rule). If a variable z depends on the variable y, which itself depends
on the variable x, then z, via the intermediate variable of y, depends on x as well. In which case,
the chain rule states that:
dz dz dy
=
· .
dx dy dx
Theorem 5.3 (Multivariable chain rule). Let w = f (x1 , x2 , . . . , xm ) be a differentiable
function of m independent variables, and for each i ∈ 1, . . . , m, let xi = xi (t1 , t2 , . . . , tn ) be a differentiable function of n independent variables. Then
∂w
∂w ∂x1
∂w ∂xm
=
+···+
∂tj ∂x1 ∂tj
∂xm ∂tj
for any j ∈ 1, 2, . . . , n.
5.1. Prove the four fundamental equations of backpropagation using the chain rule.
Here is how the final algorithm looks like:

6. Literature
Most of the lecture is taken from Michael Nielsen’s online book neuralnetworksanddeeplearning.com.
The videos shown during the lecture are from a YouTube channel 3blue1brown. I highly recommend checking both of these resources.
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