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About the camp

Maths Beyond Limits is a Europe-wide camp for high school students interested in maths.
MBL 2020 was the fifth edition of this initiative and was held from 7th to 19th September 2020.
Because of the COVID-19 pandemic the camp was organized differently then before. In fact, two
camps took place simultaneously. 35 participants from 7 countries and 13 tutors met in Milówka
while those who couldn’t travel to Poland took part in a virtual event. In total, there were 67
participants from 19 countries: Poland, Czech Republic, Slovakia, Hungary, Germany, England,
Slovenia, Switzerland, Belarus, Croatia, Sweden, Serbia, Georgia, Norway, France, Finland, India,
Ukraine and Latvia.

The aim of the project is to create space for development of young maths enthusiasts through
working on interesting and demanding mathematical subjects. It is designed to encourage par-
ticipants to share their knowledge and passion with others as well as to enhance cooperation and
integration of European mathematical societies. Moreover, our goal is to awaken youth’s curios-
ity and to help them make important habits of creative thinking, self-development, ambition and
ability to cooperate.

MBL 2020 was a 12-day-long programme, filled with numerous events. Every regular day there
were three 80-minute-long blocks of Mathematical Classes. They were devoted to some of the
most beautiful concepts in mathematics from outside the high school’s curriculum. During every
block there were 2 or 3 lecture sessions to choose from, each concerning different mathematical
field, which contributed to the diversity of academic experience participants had on the camp.
Classes were followed by an hour-long TAU, which stands for Time Academic Unscheduled
that was designated for the students to work on the problems independently or with the help
of tutors. It was also a great opportunity to clarify any points of the classes that were found
hard or insufficiently explained. The last regular mathematical events were Camper Talks, i.e.
a 30-minute-long presentations given by some participants on topics connected to mathematics
they were interested in. Their main goal was to give participants the opportunity to practice
important skills of clear presentation of mathematical topics in English while inspiring others
with their passions. Students had prepared them beforehand and consulted them with staff
members during the camp.

Maths was not the only thing the camp was about, therefore the hard work was followed by
Evening Activities. They were fun, challenging, educational or thought-provoking. Most of
them were run by the participants, while other by the staff. Lastly, there was also time for Sports
in the beautiful scenes of Beskidy mountains. Activities included running and workouts as well
as playing volleyball, football and frisbee.

At MBL we do not let anyone get bored, therefore also quite a few special events were organised.
We went for a Hike in Beskidy mountains and solved a bunch of puzzles during an activity called
Escape Wall, as well as had fun playing guitars and singing by the Campfire. Participants also
got a chance to talk about careers, universities and olympiads with tutors and organisers during
the Questions Evening Café. Moreover, they were able to improve their problem solving skills
thanks to Relays (team competition similar to Náboj) and Mathematical Team Problem
Solving. All these little things contributed to making MBL 2020 such a great, inspiring and
unforgettable camp.
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People of the camp

People of the camp

The following is the list of all people that took part in MBL 2020.

Participants (stationary camp)

• Adéla Žáčková
• Alicja Pietrzak
• Beniamin Śniegowski
• Boldizsár Mann
• Daniel Goc
• Daniela Spurtacz
• Gabriela Pietras
• Iga Janik
• Jagoda Bobińska
• Jan Genc
• Kacper Topolski
• Klára Pernicová

• Krzysztof Salata
• Łukasz Orski
• Maciej Raczuk
• Magdaléna Mišinová
• Maria Matthis
• Maria Wysogląd
• Matej Urban
• Mateusz Scharmach
• Michał Lipiec
• Oskar Dąbkowski
• Paulina Skalik

• Paweł Pielasa
• Piotr Łaba
• Radosław Żak
• Szymon Urban
• Tomáš Flídr
• Tymoteusz Kwieciński
• Václav Janáček
• Yanis Bena
• Zuzanna Iwan

Participants (virtual camp)

• Illya Antypenko
• Daniel Arone
• Csongor Beke
• Yanis Bena
• Adam Bencsik
• Noah Hessen Bjerke
• Ema Borevković
• Michał Ciapka
• Volodymyr Didur
• Yaël Dillies
• Juni Drakengren

• Lycka Drakengren
• Natali Gogishvili
• Rohan Goyal
• Janka Hámori
• Dániel Hegedűs
• Milja Jovanovic
• Anett Kocsis
• Lucia Krajčoviechová
• Agata Kuznecova
• Klara Kuznetsova
• Ádám Lengyel

• Anna Luchnikova
• Alex Polev
• Kornél Szabó
• Ágoston Török
• Balázs Tóth
• Hillevi Uhrberg
• Zsombor Várkonyi
• Milica Vugdelić
• Maksymilian Wdowiarz-
Bilski

• Michał Wiliński
• Daniil Yurshevich

Semitutors

• Paweł Gadziński • Sarah Gleghorn • Kosma Kasprzak
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Tutors

• Jana Cslovjecsek
• Andrzej Grzesik
• Dominik Gulgowski
• Mateusz Kobak

• Danil Kozhevnikov
• Natalia Kucharczuk
• Miroslav Marinov
• Radek Olšák

• Michał Pilipczuk
• Paweł Piwek
• Marian Poljak
• Bartosz Smoczyński

Semi-Organisers

• Krzysztof Boryczka
• Justyna Jaworska

• Adam Kasprzak
• Weronika Lorenczyk

• Iman Simo
• Tomasz Ślusarczyk

Organisers

• Łukasz Bożyk
• Grzegorz Dłużewski

• Jakub Dobrowolski
• Anna Łeń

• Tomasz Przybyłowski
• Szymon Zwara
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Events of the camp

Events of the camp

Mathemamatical Classes

• 101 Things to Do with Induction (Sarah Gleghorn)
• χ-boundedness [Michał Pilipczuk]
• Centrality Indicies [Natalia Kucharczuk]
• Cycles in Permutations [Łukasz Bożyk]
• Generating Functions [Danil Koževnikov]
• Introduction to Extremal Graph Theory [Andrzej Grzesik]
• Introduction to Topology [Bartosz Smoczyński]
• Lattices in Computer Science [Jana Cslovjecsek]
• Non-Euclidean Geometries [Dominik Gulgowski]
• Olympic Problems in Graph Theory [Tomasz Ślusarczyk]
• Ordinal Numbers [Kosma Kasprzak]
• Polynomials [Paweł Gadziński]
• Primitive Roots [Miroslav Marinov]
• Probabilistic Method [Marian Poljak]
• Projective Geometry [Radek Olšák]
• Ramsey Theory [Marian Poljak]
• Topics in Analytic Number Theory [Miroslav Marinov]
• Topics in Commutative Algebra [Mateusz Kobak]
• Unbashing Inequalities [Paweł Piwek]
• What Is Symmetry, Actually? [Paweł Piwek]
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Sponsors and project partners

Running MBL would not be possible without the help of numerous people involved in organising,
fundraising and working at the camp itself. All the tutors were volunteers who contributed their
free time to prepare classes and come to the camp. MBL was free of charge to all the participants
thanks to generous sponsors and wonderful project partners, which we had great pleasure of
cooperating with.

Project partners

Polish Children’s
Fund’s

fundusz.org

Faculty of
Mathematics and
Physics of Charles

University
mff.cuni.cz

The Joy of Thinking
Foundation

agondolkodasorome.hu

Trojsten
trojsten.sk

Polish Children’s Fund’s mission is to support exceptionally gifted children and teenagers
from all of Poland in order to enable them to fully develop their talents and scientific as well as
artistic passions. The innovative, original aid programme conducted by the Fund for the last 34
years aims to support young people who cannot find opportunities to fully develop their potential
in their local environment (both home and school).

Trojsten is a civic association that organizes mathematics, physics and informatics events in
Slovakia for elementary and secondary school students. It organises KMS (Correspondent Math-
ematical Seminar), well-established international mathematical competition Náboj in Slovakia,
the International Programming Competition ICPS and co-organises the International Mathemat-
ical Seminar iKS.

The Joy of Thinking Foundation supports gifted Hungarian students in fully developing their
talents, reaching their goals in life, and becoming useful members of society. It attains this goals
via furthering students’ abilities in math camps, math circles, one-to-one sessions and small group
activities. Among the biggest initiatives of the Foundation are: the weekend math camps and
Math is Fun! Camps (abbreviated MaMuT in Hungarian).

Faculty of Mathematics and Physics of Charles University offers maths and computer sci-
ence programmes open to international students. It also organises manifold conferences, summer
schools, camps and competitions for Czech youth such as: an international mathematical compe-
tition Náboj, physics competitions FYKOS and Fyziklání and Czech Linguistics Olympiad.
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Sponsors and project partners

Main Sponsors

The project is co-financed by the Governments of
Czechia, Hungary, Poland and Slovakia through
Visegrad Grants from International Visegrad
Fund. The mission of the fund is to advance
ideas for sustainable regional cooperation in Cen-
tral Europe. Grant support is given to original
projects namely in the areas of culture, science
and research, youth exchanges, cross-border co-
operation and tourism promotion, as well as in
other priority areas defined in calls for proposals
published on the fund’s website.

G-Research is the leading quantitative finance
research firm. Their Quantitative Research team
are some of world’s brightest minds. They are
working on the fringes of the impossible, trying to
beat the efficient market hypothesis with the full
"big data" tool set build on the latest academic
research into optimisation methods to find innova-
tive solutions to the complexities that Markowitz
ignored. They offer a "pure" research role where
Researcher’s have the freedom to develop and test
their ideas with real-world data in an environment
that resembles academia.

With offices in New York, London, Hong Kong,
and Amsterdam, Jane Street is a trading firm
that operates around the clock and around the
globe, trading a wide range of financial products.
They are a global liquidity provider and market
maker, trading mostly products that are listed on
exchanges. They offers internships (as a trader,
developer, business developer or researcher) for
all university students from freshmen to post-
doctoral scholars.
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Introduction to Extremal Graph Theory
Andrzej Grzesik

1

Abstract

As one can guess, Extremal Graph Theory deals with extremal questions that appear in
Graph Theory. For example, what is the maximal number of edges in any n-vertex graph
without triangles. While an answer to this question was given more than 100 years ago, a
similar question, where we forbid an octagon is still open and we don’t even know the order
of magnitude. The course will cover basic concepts in the field, as well as many important
results and techniques. Except the classical theorems, some recent developments and open
problems will be also presented.

1. Preliminaries

Formally, a graph G is a set V (G), the vertices and E(G) the of set of edges where the edges
are sets of two distinct vertices. We will only allow a pair of vertices to occur as an edge once.
An edge will be often written as uv where u and v are vertices. We say that two vertices are
adjacent if they form an edge and that a vertex and edge are incident if the vertex is in the
edge. Two edges that share a vertex will also be called incident. The total number of edges in a
graph G is denoted e(G)= |E(G)|. A subgraph is defined in the usual way, i.e., H is a subgraph
of G if it is possible to obtain the graph H after the removal of some number of edges and vertices
from G. We use the notation H ⊂G to denote that H is a subgraph of G.

Given a vertex v ∈ V (G), the degree of v, denoted d(v), is the number of edges incident to v.
The maximum degree in a graph G is the largest degree among all of the vertices; it is denoted
∆(G). Minimum degree is defined similarly and denoted δ(G).

A graph is connected if we can travel between every pair of vertices along edges of the graph.
A set of vertices is independent if there is no edge among any of them. The size of the largest
independent set is called the independence number and is denoted α(G). The chromatic
number of a graph G is the minimum integer k such that we can assign colors 1,2, . . . ,k to the
vertices of G and have no edge with the same color on each vertex; it is denoted χ(G).

The complete graph (or clique) on n vertices is denoted Kn; the complete bipartite graph
with class sizes s and t is denoted Ks,t; the n-vertex cycle is denoted Cn and the n-vertex path
is denoted Pn. A connected graph without cycles is a tree.

Many bounds in extremal combinatorics are approximate. To hide lower-order terms we will use
the standard notation for the growth of functions. Given functions f and g we say that f =O(g)
if there exist c and n0 such that f(n)≤ cg(n) for every n≥ n0. If f =O(g) and g =O(f) we
say that f and g have the same order of magnitude and write f = Θ(g). If f/g→ 0 we write
f = o(g). If f/g→ 1 we write f ∼ g and say that f and g are asymptotic to each other.

We also use Cauchy-Schwarz inequality, saying that for every sequences ai and bi of reals it holds(∑
aibi

)2

≤
(∑

a2
i

)(∑
b2i

)
.

1Based on notes of Cory Palmer.
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2. Mantel’s theorem

Theorem 1 (Mantel, 1907). The maximum number of edges in a graph on n vertices with no
triangle is bn

2

4 c.

Observe that the n-vertex complete bipartite graph with class sizes dn2 e and b
n
2 c has no triangle

subgraph and has exactly dn2 eb
n
2 c= b

n2

4 c edges. So it remains to show that we cannot have more
edges.

First proof. We proceed by induction on n. If n= 1,2 we are done, so assume n> 2 and that
the statement of the theorem holds for smaller graphs. Let G be a triangle-free graph on n vertices
and let xy be an edge of G. The graph G\{xy} is obviously triangle-free and has n−2 vertices,
so it has at most b (n−2)2

4 c edges by induction. The edge xy has at most n−2 edges incident
(otherwise there is a triangle). Thus G has at most 1+(n−2)+b (n−2)2

4 c= bn
2

4 c edges.

Second proof. If G is triangle-free, then adjacent vertices have no common neighbors. So for
an edge xy we have d(x)+d(y)≤n (we need to count the edge xy twice). Summing this inequality
over all edges in G yields ∑

x∈V (G)

d(x)2 =
∑

xy∈E(G)

(d(x)+d(y))≤ne(G).

By Cauchy-Schwarz inequality we have

1

n

 ∑
x∈V (G)

d(x)

2

≤
∑

x∈V (G)

d(x)2.

By the Handshaking lemma (counting the sum of the degrees we count each edge exactly twice),
the LHS is 1

n (2e(G))2. Thus
1

n
(2e(G))2≤ne(G).

Solving for e(G) gives the theorem.

1. Show that the number of triangles in a graph with n vertices and e edges is at least

4e

3n

(
e− n

2

4

)
.

2. Show that the number of monochromatic triangles in any 2-coloring of the edges of Kn is at
least

n(n−1)(n−5)

24
.

3. A dominating set is a set of vertices that is incident to every edge in a graph. The minimum
size of a dominating set in a graph G is denoted τ(G). Show that if G is an n-vertex graph such
that e(G)≤α(G)τ(G), then e(G)≤ n2

4 . Use this fact to prove Mantel’s theorem.
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3. Turán’s theorem

We start with a weak version of Turán’s theorem.

Theorem 2 (Turán, 1941). The number of edges in an n-vertex graph with no (k+1)-clique is
at most (

1− 1

k

)
n2

2
.

To see that this bound is sharp (asymptotically) let us define the Turán graph Tk(n) as the graph
on n vertices split into k classes of sizes as equal as possible where each class is an independent set
and between each pair of classes all edges are present. The term “sizes as equal as possible” means
that each class has size bnk c or d

n
k e and the number of classes of each size depends on n mod k.

It is easy to see that Tk(n) cannot contain a (k+1)-clique as any set of k+1 vertices in Tk(n)
will have two vertices in the same class and therefore not connected by an edge. Furthermore,

e(Tk(n))≥
(
k

2

)(⌊n
k

⌋)2

>

(
k

2

)(n
k
−1
)2

=

(
1− 1

k

)
n2

2
−O(n).

First proof. (Turán, 1941) We proceed by induction on n. The theorem is trivially true for
n≤ k, so let n> k and assume the theorem holds for smaller graphs. Let G be a graph on n
vertices with no (k+1)-clique and the maximum number of edges. Therefore, G must contain a
k-clique as otherwise we could add edges to G contradicting maximality. Let A be a clique of size
k and let B be the remaining n−k vertices. The graph B has no (k+1)-clique so by induction
e(B)≤ (1− 1

k ) (n−k)2

2 . Furthermore, each vertex in B can have at most k−1 neighbors in A, so
we have

e(G)≤
(
k

2

)
+

(
1− 1

k

)
(n−k)2

2
+(n−k)(k−1) =

(
1− 1

k

)
n2

2
.

Actually, Turán proved more.

Theorem 3 (Turán, 1941). The maximum number of edges in an n-vertex graph with no (k+1)-
clique is exactly e(Tk(n)). Furthermore, Tk(n) is the unique graph attaining this maximum.

We show more proofs that prove one version or the other. Note that Tk(n) is a complete multi-
partite graph and among complete multipartite graphs with no (k+1)-clique it has the biggest
number of edges. This leads to an ingenious approach: if we can show that a graph G with no
(k+1)-clique and the maximum number of edges is complete multipartite then we are done.
Second proof. (Erdős, 1970) We will prove that if G is an edge-maximal n-vertex graph with
no Kk+1 then it is a complete multipartite graph. We proceed by induction on k. The theorem
is trivially true for k= 1, so let k > 1 and assume the theorem holds for k−1. Let x be a vertex
of maximum degree in G, S be the set of neighbors of x and let T = V (G)\S be the remaining
vertices. The graph induced on S has no k-clique (as otherwise we could build a (k+1)-clique
with vertex x). Let us construct a new graph H on the vertex set of G as follows. The graph H
is the same as G on S, it contains all edges between S and T , and it has no edges in T . Observe
that all degrees in H are at least as large as in G. Thus H has at least as many edges as G.
However, if the graph G has an edge in T , then H would have more edges. Therefore, as G was
maximal, T contains no edges in G and thus G=H. As long as S has no k-clique, then G has also
no k-clique so we may assume that S is edge-maximal. Hence, by induction on k, we have that
S is a complete multipartite graph and therefore G is also a complete multipartite graph.
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Third proof. (Zykov, 1949)2 Let G be an n-vertex graph with no (k+1)-clique and the max-
imum number of edges. We will show that G is a complete multipartite graph. If G is not
multipartite, then there is a pair of non-adjacent vertices x and y and a vertex z such that xz is
an edge, but yz is not an edge. If d(x)>d(y), then remove all edges incident to y and connect y
to all neighbors of x (but not x itself). The resulting graph has no (k+1)-clique but has more
edges than G which contradicting maximality. Thus d(y)≥ d(x) and d(y)≥ d(z) (by the same
argument for z). Now remove all edges incident to vertices x and z and connect both vertices
to the neighbors of y. The resulting graph has more edges than G and has no (k+ 1)-clique
again contradicting maximality. Therefore G must be a complete multipartite graph. The largest
complete multipartite graph with no (k+1)-clique is Tk(n).

4. There are n batteries on the Maths Beyond Limits camp, but only p of them work properly.
A microphone needs 2 working batteries and is not running if at least one battery is dead. How
many tests the organizers need to take to make the microphone work?

5. Confirm that Tk(n) is the n-vertex complete multipartite graph without a (k+1)-clique with
the largest number of edges.

6. Extend the first proof to get the full version of Turán’s theorem, i.e., show, by induction on n,
that Tk(n) is the unique graph achieving the maximum number of edges.

7 (Dirac). Let n≥ k+2 and let G be an n-vertex graph. Prove that if e(G) = e(Tk(n))+1, then
G contains the graph formed by Kk+2 minus an edge.

8 (Bondy). Let G be a graph with more than e(Tk(n)) edges and maximum degree ∆. Show that
the neighborhood of every vertex of maximum degree in G contains more than e(Tk−1(∆)) edges.

9. Prove that for any k≥ r≥2 the Turán graph Tk(n) has the maximum number of copies of Kr

among all n-vertex Kk+1-free graphs.

10. Use Turán’s theorem to show that among 3n points on the unit disc there are at least 3
(
n
2

)
pairs of points with distance at most

√
2.

Theorem 4 (Application of Turán’s theorem, Katona, 1969). Let u and v be vectors taken
independently at random from some set of vectors in Rd. Then for every positive x it holds

Pr(|u+v| ≥x)≥ 1

2
Pr(|u| ≥x)2.

Proof. Suppose there are N vectors in the set and n of them have length at least x. Then
Pr(|u| ≥ x) = n

N . Consider the graph with these n vectors as vertices and two (distinct) vectors
a,b are connected by an edge if |a+b|<x. This graph does not contain triangles, because otherwise
(a+b+c)2 = (a+b)2 +(b+c)2 +(a+c)2−a2−b2−c2< 0 (denoting by v2 the scalar product of v
and v, which is equal to |v|2). Thus, by Mantel’s theorem there are at most n2

4 edges. So there
are at least n2−2n

2

4 = n2

2 pairs of vectors u,v such that |u+v| ≥ x. Since there are N2 total
possible pairs u,v, this gives

Pr(|u+v| ≥x)≥ n2/2

N2
=

1

2
Pr(|u| ≥x)2.

2Due to World War II, Zykov’s work was done without the knowledge of Turán’s.
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4. The fundamental theorem

Given a graph F we are interested in the maximum number of edges a graph on n can have
without a copy of F as a subgraph. We call this maximum value the Turán number (or
extremal number) of the graph F . This parameter is denoted ex(n,F ) and any graph G that
achieves this maximum is called an extremal graph for H. From Turán’s theorem we know
that ex(n,Kk+1) = e(Tk(n))∼ (1− 1

k )n
2

2 .

We would like to extend Turán’s theorem to more general classes of graphs. The first step is to
find the Turán number for the “blow-up” of Kk+1. Define Kk+1[t] to be the complete multipartite
graph with k+1 classes each of size t.

Theorem 5 (Erdős-Stone, 1946). Let k,t, ε> 0 be fixed, then

ex(n,Kk+1[t])≤ (1− 1

k
+ε)

n2

2

for all n≥n0(k,t, ε), i.e., if n is large enough, then every n-vertex graph with (1− 1
k +ε)n

2

2 edges
contains a Kk+1[t].

We give an extension of the Erdős-Stone often called the Erdős-Stone-Simonovits theorem or the
fundamental theorem of extremal graphs.

Theorem 6 (Erdős-Simonovits, 1966). If F is a graph with chromatic number χ(F ), then

ex(n,F ) =

(
1− 1

χ(F )−1

)
n2

2
+o(n2).

Proof. Let F be a graph with χ(F ) = k+1. It is enough to prove that

lim
n→∞

ex(n,F )

n2
=

1

2

(
1− 1

k

)
.

Observe that the Turán graph Tk(n) is k-chromatic and thus does not contain F and furthermore
e(Tk(n))∼

(
1− 1

k

)
n2

2 which gives the lower bound.

For the upper bound let us assume (for the sake of contradiction) that there is an ε > 0 and
arbitrarily large graphs G that are F -free and have

e(G)

n2
>

1

2

(
1− 1

k

)
+ε.

Then by the Erdős-Stone theorem there is a large enough G that contains a complete multipartite
graph with k+1 classes each of size |V (F )|. Clearly F is a subgraph of such a complete multipartite
graph which is a contradiction.

11. Find the extremal number (with error term allowed) of the graph the icosahedron and of the
Petersen graph.

12. Let ex(n,{F1,F2, . . . ,Ft}) be the maximum number of edges in an n-vertex graph without
a subgraph isomorphic to any of the graphs F1,F2, . . . ,Ft. Determine the asymptotically sharp
bound (up to o(n2)) for ex(n,{F1,F2, . . . ,Ft}).

13. For a fixed graph F , show that the function ex(n,F )/
(
n
2

)
is decreasing as n increases.
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5. Complete bipartite graphs

For graphs of chromatic number 3 or greater, Erdős-Stone-Simonovits theorem gives a good
asymptotic answer for the Turán number. We can only improve the smaller-order terms. However,
when H is bipartite, then Erdős-Stone-Simonovits theorem only says that ex(n,H) = o(n2) so it
is a natural question to try to improve this.

Theorem 7 (Erdős, 1938).

ex(n,C4)≤ n

4

(√
4n−3+1

)
∼ 1

2
n3/2.

Proof. The number of cherries centered at each vertex x is
(
d(x)

2

)
. Therefore the total number

of cherries is ∑
v∈V (G)

(
d(v)

2

)
≥n
( 1
n

∑
d(v)

2

)
=n

(
2e(G)/n

2

)
=

2e(G)2

n
−e(G).

Where the inequality is due to Jensen’s inequality (as
(
x
2

)
is convex) and the first equality uses

the Handshaking lemma.

On the other hand, two cherries cannot share the same endpoints as this would form a C4, so
there are at most

(
n
2

)
total cherries. Combining these bounds gives

(
n
2

)
≥ 2e(G)2

n −e(G). Solving
the quadratic formula for e(G) gives the theorem.

The lower bound on ex(n,C4) was given by Erdős-Rényi-Sós and involves a bit of number theory.

Theorem 8 (Erdős-Rényi-Sós, 1954).

ex(n,C4)∼ 1

2
n3/2.

Proof. The upper bound is the previous theorem. For the lower bound we will construct a
C4-free graph G with the desired number of edges.

Let p be a prime number and define a graph G with vertex set Zp×Zp \{(0,0)} where distinct
pairs (x,y) and (a,b) form an edge if and only if ax+by=1 modulo p. Observe that n=p2−1. For
fixed (x,y) it is easy to check that there are p solutions (a,b) to ax+by=1 (when x and y are both
non-zero, then a can be anything and b= (1−ax)y−1, when x= 0, then y is non-zero, a can by
anything and b=y−1). It is possible that one solution is (x,y) itself which we discard. Therefore,
the degree of (x,y) in G is at least p−1. Thus, e(G)≥ 1

2 (p−1)n= 1
2 (p−1)(p2−1)∼ 1

2p
3∼ 1

2n
3/2.

Now let us confirm that G is C4-free. If two vertices (a,b), and (a′, b′) are non-adjacent in a C4,
then there would be two solutions to the equations ax+by= 1 and a′x+b′y= 1 which is clearly
impossible.

Finally, note that this construction only works if
√
n+1 is prime. However, for any n, there is

a prime between (1−o(1))
√
n and

√
n which will still result in a construction (just add some

isolated vertices to p2−1 to get n) with leading term ∼ 1
2n

3/2.

We can generalize the above result to complete bipartite graphs.

Theorem 9 (Kővari-Sós-Turán, 1954). For any integers s, t≥ 1 we have

ex(n,Ks,t)≤
1

2
(t−1)1/sn2−1/s+

1

2
(s−1)n.
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Proof. Let G be an n-vertex graph with no Ks,t subgraph. We will count the pairs (v,S) where
v is a vertex and S is a set of s vertices in the neighborhood of v. Clearly the total number of
such pairs is∑

v∈V (G)

(
d(v)

s

)
≥n
( 1
n

∑
d(v)

s

)
=n

(
2e(G)/n

s

)
≥n

(
(2e(G)/n−(s−1))s

s!

)
.

By Jensen’s inequality and the Handshaking lemma (as before). On the other hand, any set of
s vertices have at most t−1 common neighbors (otherwise we have a Ks,t), therefore, the total
number of pairs (v,S) is at most

(t−1)

(
n

s

)
≤ (t−1)

(
ns

s!

)
.

Combining these bounds on (v,S) and solving for e(G) gives

e(G)≤ 1

2
(t−1)1/sn2−1/s+

1

2
(s−1)n.

Note that the the upper bound in KST also holds when s and t are swapped which is worse
asymptotically, but may give a better bound for small values of n.

In 1996 Füredi improved the upper bound in KST by proving

ex(n,Ks,t)≤
1

2
(t−s+1)1/sn2−1/s+o(n2−1/s).

This new upper-bound is showing that the known constructions for s= 2 and algebraic construc-
tion given by Brown for K3,3 in 1966 are sharp and

ex(n,K2,t)∼
1

2

√
t−1n3/2,

ex(n,K3,3)∼ 1

2
n5/3.

We also know that the bound in KST is sharp in order of magnitude when the classes of Ks,t are
unbalanced enough.

Theorem 10 (Kollár-Rónyai-Szabó, 1995). 3 Let s≥ 2 and t>s!, then there exists c such that

ex(n,Ks,t)≥ cn2−1/s.

In general, we have only the following weaker lower-bound.

Theorem 11. For integers s, t≥ 2 we have

ex(n,Ks,t)≥
(

1

8
− 1

s!t!2st

)
n2− s+t−2

st−1 .

Thus, the first open case is K4,4.
3Alon-Rónyai-Szabó showed that the theorem holds for t> (s−1)!.
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Open Problem 1. Show that ex(n,K4,4) = Θ(n7/4), i.e., construct a K4,4-free graph with
cn7/4 edges for some constant c.

14 (Zarankiewicz problem). Let z(m,n,s, t) denote the maximum number of 1s in an m×n
(0,1)-matrix that does not containing a s× t submatrix of all 1s. Show that

2ex(n,Ks,t)≤ z(n,n,s, t).

15 (Supersaturation for C4). Show that there exist constants α,β>0 such that if G is an n-vertex
graph with e(G)>αn3/2, then the number of copies of C4 in G is at least

β
e(G)4

n4
.

16. Prove that if G is a C4-free bipartite graph with class sizes a and b, then

e(G)≤ a
√
b+b.

17. Let S be a set of n points in the plane. Show that there are at most O(n3/2) pairs of points
that are of unit distance from each other4.

18. Show that there exists a graph F of chromatic number 3 and constant C (depending on F )
such that

ex(n,F )≥ 1

4
n2 +Cn1.99.

The following problem motivated the study of the Turán number of the C4.

Theorem 12 (Erdős, 1938). 5 Let A⊂ [n] be a set of integers such that all products of pairs of
elements of A are distinct. Then

|A| ≤π(n)+O(n3/4)

where π(n) is the number of primes not exceeding n.

Note that the set of primes form a construction of A of size π(n).

The idea of proof is the following. Let D be the natural numbers at most n2/3 and B be the set
containing D and all primes between n2/3 and n. Consider the bipartite graph with vertex set
B∪D and connect two vertices b∈B and d∈D if there is an element in A with representation
b ·d (one can easily prove that each integer smaller than n has such representation). It is easy to
see that G is C4-free. Careful counting of the edges using the bound from Problem 16 proves the
theorem.

4The best known upper bound is O(n4/3) and is conjectured to be n1+o(1).
5Erdős showed that the error term is between O

(
n3/4

(logn)3/2

)
and O(n3/4).
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6. Other bipartite graphs

Let Pk and Sk be a path and a star on k vertices, respectively. Finding an extremal number of a
star is easy.

Theorem 13. For every n≥ k

ex(n,Sk) =

⌊
(k−2)n

2

⌋
.

Proof. If a graph contains a vertex of degree k−1 then it creates a star on k vertices. Otherwise,
G has at most 1

2 (k−2)n edges. The extremal graph is any graph with degree of each vertex equal
to k−2.

Theorem 14 (Erdős-Gallai, 1959). 6

ex(n,Pk)≤ k−2

2
n.

The bound given by Erdős-Gallai is sharp when k−1 divides n. Consider the graph of n/(k−1)
copies of Kk−1 which clearly does not contain Pk and has the desired number of edges. Before
proving the theorem we will need an intermediate lemma that will be of interest later.

Lemma 15. If G is a connected n-vertex graph with minimum degree δ(G), then G contains a
path on min{n,2δ(G)+1} vertices.

Proof. Let P be a path in G of maximum length with endpoints x and y. Clearly all neighbors
of x and y are inside of P , as otherwise we get a longer path. Assume |P | ≤ 2δ(G). Let S be
the set of vertices immediately preceding the neighbors of x. Since |S|≥ δ(G) and |N(y)|≥ δ(G),
those two sets needs to overlap on some vertex in P \{y}. This creates a cycle on the vertices
of P . Now notice that if there is any vertex outside P that is connected to some vertex in P , it
creates a longer path. Thus, since the graph is connected, all the vertices are in P and P is on n
vertices.

Proof of Erdős-Gallai. We proceed by induction on n. For n≤ k−1 the theorem is trivial
so let n≥k and assume the theorem holds for smaller graphs. If G is not connected, then we can
apply induction to each component to get the theorem so we can assume that G is connected. By
Lemma 15 we may assume that G contains a vertex of degree less than k−1

2 , as otherwise we get
a path on k vertices. However, if we remove this vertex, we lose at most k−2

2 edges, and applying
the induction we prove the theorem.

Since the extremal number for path and star on k vertices is basically the same number, and the
extremal graph (disjoint cliques of size k−1) is avoiding also all other trees on k vertices, Erdős
and Sós made the following conjecture.

Conjecture 1 (Erdős-Sós, 1962). If Tk is a tree on k vertices, then

ex(n,Tk)≤ k−2

2
n.

6The exact value of ex(n,Pk) for all values of n was found by Faudree and Schelp in 1975.
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It is proven in particular for Tk having a vertex with k/2 leaves (Sidorenko, 1989), for trees
of diameter at most 4 (McLennan, 2005), and for all Tk with large enough k (Ajtai, Komlós,
Simonovits and Szemerédi).

19. Show that if Tk a tree on k-vertex, then ex(n,Tk)≤ (k−2)n.

For even cycles, the following upper bound is widely believed to be correct.

Theorem 16 (Bondy-Simonovits, 1974). 7 For any positive integer k there is c such that

ex(n,C2k)≤ cn1+1/k.

Constructions matching the upper bound in the order of magnitude are only known for k= 2, 3
and 5.

Open Problem 2. Construct an n-vertex C8-free graph with Θ(n5/4) many edges.

In general, for a bipartite graph F we do not know what is deciding on the exponent in ex(n,F ).
Moreover, it is conjectured that every rational from (1,2) can be an exponent for some F .

Conjecture 2 (Erdős-Simonovits, 1981). Is it true that for every rational number r ∈ (1,2)
there exists a bipartite graph F such that ex(n,F ) = Θ(nr)?

The conjecture is proven only for r= 1, 7
5 ,2 and the numbers of the form 1+ 1

m , 2− 1
m , 2− 2

m for
m≥1. Recently, Dong Yeap Kang, Jaehoon Kim and Hong Liu proved the conjecture for r=2− a

b
for any integers a,b≥ 1 with b>a and b≡±1 (mod a).

There are also conjectures on the upper-bounds for many graph classes. In order to present the
most known one, we need a definition. We say that a graph F is r-degenerate if every subgraph
of F contains a vertex of degree at most r.

Conjecture 3 (Erdős degeneracy conjecture, 1967). If F is a bipartite r-degenerate graph,
then there exists a constant c such that ex(n,F )≤ cn2−1/r.

The conjecture was proven in the case r= 1 (forests), F having maximum degree on one side
bounded by r (Füredi, 1991), F =Kt+r,t+r \Kr,r (Füredi-West, 2001), and any F with “tree-like
structure”, in particular r-degenerate blow-up of a tree (Grzesik-Janzer-Nagy, 2020). Best general
bound, proven by Alon, Krivelevich and Sudakov in 2003, states that ex(n,F ) =O(n1−1/4r) for
every r-degenerate bipartite graph F .

7The best-known constant (80
√
k logk+o(1)) is due to Bukh and Jiang.
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7. Hints to the problems

1. Estimate the number of triangles on a fixed edge.

2. Estimate the number of non-monochromatic triangles on a fixed vertex.

3. Bound α(G)+τ(G) and use the inequality.

4. Create a graph by taking pairs of batteries that were not testes.

5. If you have two classes that are not close in size, how can you improve the situation?

6. By induction, B in the original proof will be Tk(n−k). Why should this along with the
remaining parts form Tk(n)?

7. Consider a vertex of minimum degree in a minimum counterexample.

8. Similar to Erdős’s proof of Turán’s theorem.

9. Show that the number of r-cliques won’t decrease under the alterations as in Zykov’s proof.

10. Show that among 4 points in the unit disc there must be a pair at distance at most
√

2.

11. Just need the chromatic number.

12. Easy consequence of Erdős-Stone-Simonovits theorem.

13. Let G be an extremal graph for F and double count pairs (e,v) where e is an edge of G and
v is a vertex not incident to e.

14. Consider the adjacency matrix of a Ks,t-free graph.

15. Double-count the number of cherries in two ways.

16. Count the number of cherries.

17. Consider a graph on the given points and connect two vertices by an edge if they are at
distance 1.

18. Prove instead ex(n,F )≥ 1
4n

2 +Cn2−2/t for any t. Let F be the complete tripartite graph
with classes of size t.

19. Prove that any graph G contains a subgraph with minimum degree equal to at least half of
the average degree of G.
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8. Solutions to the problems

1. The number of triangles using edge xy is at least d(x)+d(y)−n (as this counts the number
of common neighbors of x and y). Summing over all edges counts each triangle three times,
so the total number of triangles is at least

1

3

∑
xy∈E(G)

(d(x)+d(y)−n) =
1

3

 ∑
x∈V (G)

d(x)2−ne

 .
Applying Cauchy-Schwartz inequality gives that the total number of triangles is at least

1

3

 1

n

 ∑
x∈V (G)

d(x)

2

−ne

=
4e

3n

(
e− n

2

4

)
.

2. Each non-monochromatic triangle x,y,z has exactly two vertices x,y that see both a blue
and a red edge in the triangle.
For each vertex x count the number of non-monochromatic triangles using x such that the
two edges of the triangle incident at x have different colors. Let d(x) be the degree of x
among red edges. Thus the number of blue edges on x is n−1−d(x). Therefore, the number
of such triangles at x is

d(x)(n−1−d(x))≤ (n−1)2

4
.

Summing this estimate over all vertices counts each such triangle twice. There are
(
n
3

)
total

triangles in Kn, so the number of monochromatic triangles is at least(
n

3

)
− n

2

(n−1)2

4
=
n(n−1)(n−5)

24
.

3. Let S be a maximum size independent set and let D be the remaining vertices. Every edge
has at least one vertex in D, so D is a dominating set. Thus n= |S|+ |D| ≥α(G)+τ(G).

Apply AGM to get

e(G)≤α(G)τ(G)≤ (α(G)+τ(G))2

4
≤ n2

4
.

If G is triangle-free then the neighborhood of a vertex x is an independent set. Thus
d(x)≤α(G). Let D be a dominating set of minimum size. Every edge of G has a vertex in
D, so

e(G)≤
∑
x∈D

d(x)≤α(G)|D|=α(G)τ(G).

4. For any working strategy of testing, create a graph G on the set of batteries by taking edges
between any pair of batteries that was not tested. This graph cannot contain Kp, because
otherwise we have a group of p batteries and any pair of them was not tested, which means
that if those batteries were working, this strategy will fail. From Turán’s theorem we have
that the biggest number of edges that graph G can have is e(Tp−1(n)). Thus, the minimal
number of tests, i.e., the minimal number of non-edges in G, is

(
n
2

)
−e(Tp−1(n)). On the

other hand, we can divide the set of batteries into p−1 groups and test every pair in each
group. This way we will find a working pair and we will do exactly

(
n
2

)
−e(Tp−1(n)) tests.
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5. If we have fewer than k classes, form new classes (until we have k) by removing a vertex
from an existing class. This new complete multipartite graph has more edges than the
original. Simple computation shows that if two classes differ in size by more than 1, then
moving a vertex from the large class to the small class increases the total number of edges.

6. We proceed by induction on n. The theorem is trivially true for n≤ k, so let n> k and
assume the theorem holds for smaller graphs. Let G be an n-vertex graph with no (k+1)-
clique and the maximum number of edges. As before, G contains a k-clique A and the
remaining graph B. By induction the graph on B must be the Turán graph Tk(n−k). In
particular B is a complete k-partite graph. Each vertex of A is adjacent to at most k−1 of
the partite classes in B (otherwise we have a Kk+1). By edge-maximality, each vertex of x
is adjacent to every vertex of B except for those of one class. Therefore, G is a complete
k-partite graph. The largest n-vertex complete k-partite graph is Tk(n).

7. Assume it is not true and consider a counterexample G on the minimum number of vertices.
The only graph on k+2 vertices with e(Tk(k+2))+1 edges is Kk+2 minus an edge, so we
can assume that n>k+2. Let x be a vertex of minimum degree in G. It is easy to check
that if the minimum degree of G is greater than the minimum degree of Tk(n), then G has
too many edges. Therefore,

e(G−x)≥ e(Tk(n−1))+1,

so G−x is a smaller counterexample contradicting the minimality of G.

8. Let S be the neighborhood of a maximum degree vertex in G and let T =G−S. Now
construct a graph H on the vertex set of G such that H is the same on S, the vertex set T
is an independent set and all edges between S and T are present. The degrees of vertices
in T are at least as large in H as they are in G, so

e(G)≤ e(H) = e(S)+∆(n−∆).

On the other hand, if we add n−∆ many vertices connected to the vertices of Tk−1(∆) we
get a complete k-partite graph, so

e(G)>e(Tk(n))≥ e(Tk−1(∆))+∆(n−∆).

Combining these two estimates and simplifying gives e(S)>e(Tk−1(∆), what we wanted to
prove.

9. Let G be an n-vertex graph with no (k+1)-clique and the maximum number of copies of
Kr. If G is not multipartite, then there is a pair of non-adjacent vertices x and y and a
vertex z such that xz is an edge, but yz is not an edge. If x appears in more r-cliques than
y, then remove all edges incident to y and connect y to all neighbors of x (but not x itself).
The resulting graph has no (k+1)-clique but has more r-cliques than G which contradicts
maximality. Thus y is in at least as many r-cliques as x and as z (by the same argument
for z). Now remove all edges incident to x and z and connect both vertices to the neighbors
of y. The resulting graph has at least as many r-cliques as G and has no (k+1)-clique.
Continuing this procedure, we obtain a complete multipartite graph without (k+1)-clique
and with at least as many r-cliques as G. Among these the Turán graph Tk(n) has the
maximum number of r-cliques.
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10. Firstly, we show that among four points a,b,c,d on the unit disc, there is at least one pair
in distance at most

√
2. If one such point, say a, is the center of the disc, then no point is

further than distance 1<
√

2 from a. So we may assume no point is at the center of the disc.
For each point draw a line segment from the center of the disc through the point to the
edge of the disc. These segments partition the disc into four regions and create four angles
that sum to 2π around the center of the disc. One of these angles must be at most π/2.
The two points on these two corresponding line segments have maximum distance when the
angle is exactly π/2 and both points are on the edge of the disc. Applying the Pythagorean
theorem we get that their distance is

√
2. Therefore, among any 4 points, there must be a

pair at distance at most
√

2.
Let G be the graph with vertices in the 3n points on the unit disc and two points are joined
by an edge if their distance is greater than

√
2. From the previous paragraph this graph

must be K4-free, therefore, it has at most(
1− 1

3

)
(3n)2

2
= 3n2

many edges. The complement of G is the graph where pairs of points are connected by an
edge if their distance is at most

√
2. The complement graph has at least

(
3n
2

)
−3n2 = 3

(
n
2

)
edges.

11. Chromatic number of the icosahedron graph I is 4 so ex(n,I) = n2

3 + o(n2). Chromatic
number of the Petersen graph P is 3, thus ex(n,P ) = n2

4 +o(n2).

12. Let k be the minimal chromatic number among the graphs F1, . . . ,Ft. Without loss of
generality assume that F1 has chromatic number k. Clearly,

ex(n,F1,F2, . . . ,Ft)≤ ex(n,F1)≤
(

1− 1

k−1

)
n2

2
+o(n2).

On the other hand, the Turán graph Tk−1(n) contains none of the graphs Fi as a subgraph,
so

ex(n,F1,F2, . . . ,Ft)≥
(

1− 1

k−1

)
n2

2
+O(n).

13. Suppose G is an extremal graph for F with n vertices. We double-count the pair (e,v)
where e is an edge of G and v is a vertex not incident to e. Fixing any of the ex(n,F ) many
edges leaves n−2 choices for v. On the other hand, there are n ways to fix v and on the
remaining n−1 vertices there are not more than ex(n−1,F ) edges. Thus,

(n−2) ·ex(n,F )≤n ·ex(n−1,F ).

Solving for ex(n,F ) and dividing both sides by
(
n
2

)
gives

ex(n,F )(
n
2

) ≤ n

n−2

ex(n−1,F )(
n
2

) =
ex(n−1,F )(

n−1
2

) .

14. Take an n-vertex graph without Ks,t with ex(n,Ks,t) edges and consider its adjacency
matrix A. This is an n×n matrix and the number of 1s in A is twice the number of edges
in G. Since G does not contain Ks,t, the matrix A does not contain a s×t submatrix of 1s.
Thus, the number of 1s in A is at most z(n,n,s, t), which solves the problem.
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15. Take α= 1. Firstly, lets count the the total number of cherries in G, denoted by Λ. As in
the proof of ex(n,C4) we obtain

Λ =
∑

v∈V (G)

(
d(v)

2

)
≥n
( 1
n

∑
d(v)

2

)
=n

(
2e(G)/n

2

)
=

2e(G)2

n
−e(G)≥ e(G)2

n
,

where the last inequality uses the fact that e(G)>n3/2≥n.
The number of copies of C4 that use particular vertices x and y as diagonal vertices equals
to
(

Λ(x,y)
2

)
, where Λ(x,y) is the number of cherries with endpoints in x and y. Summing

this up, we count each C4 twice, thus we can bound the number of copies of C4 by

1

2

∑
x,y∈V (G)

(
Λ(x,y)

2

)
≥
(
n
2

)
2

( 1

(n
2)

Λ

2

)
≥
(
n
2

)
2

( 2e(G)2

n3

2

)
≥ n2

8
· e(G)4

n6
,

where the first inequality is due to Jensen’s inequality, the second one is from the previous
bound on Λ, and the third is using a crude bound

(
a
2

)
≥ a2

4 for a≥2 (implied by e(G)>n3/2).

16. Let G be a C4-free bipartite graph with classes A of size a and B of size b. Let us count the
number of cherries with center in B. Each pair of vertices in A has at most one common
neighbor in B so the number of such cherries is at most

(
a
2

)
≤ a2

2 . On the other hand, the
number of cherries on a vertex x in B is

(
d(x)

2

)
. So the total number of such cherries is∑

x∈B

(
d(x)

2

)
≥ b
( 1
b

∑
d(v)

2

)
= b

(
e(G)/b

2

)
≥ b (e(G)/b−1)2

2
.

Combining these two estimates for the number of cherries and solving for e(G) completes
the proof.

17. Consider a graph G with vertices in the given points and edges between points at distance 1.
Two different vertices in G can have at most two common neighbors, because in the plane
two circles of radius 1 can have at most two intersection points. Thus, the graph G does
not contain K2,3 as a subgraph. From Kővari-Sós-Turán theorem, G has at most O(n3/2)
edges.

18. Let F be be the complete tripartite graph with classes of size t. Construct an n-vertex
graph G as follows. Begin with a complete bipartite graph with classes A and B of size n/2
and put a Kt,t-free graph with ≥C1(n/2)2−2/t edges into the class A. Therefore, G has
1
4n

2 +Cn2−2/t many edges. Clearly G is F -free as otherwise we must have that A contains
Kt,t which, by construction, is impossible.

19. Let us prove that any graph with average degree d contains a subgraph with minimum
degree at least 1

2d. In order to prove this, take a graph with average degree d and remove
consecutively all vertices of degree less than 1

2d. Removing all vertices means that we
removed less than 1

2dn edges, which contradicts the fact that the graph has 1
2dn edges.

Thus, the resulting graph is non-empty, and so we obtained the wanted subgraph.
Now, let G be a graph with more than (k−2)n edges, which means the average degree d is
strictly bigger than 2(k−2). Using the above argument we can find its subgraph G′ with
minimum degree at least 1

2d>k−2, so the minimum degree of G′ is at least k−1. Now, we
can find the wanted tree Tk in G′ by arbitrarily choosing vertices starting from the root and
then neighbors of already chosen vertices. The minimum degree of G′ ensures that there
will be always a possibility to choose an unchosen vertex.
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Ordinal numbers
Kosma Kasprzak

1. Loosely about ZFC axioms

• Extensionality - Two sets are equal if and only if they have the exact same elements.

• Empty Set, Pairing, Union, Powerset

• Foundation - There are no infinite sequences x0 3x1 3x2 3 . . .

• Infinity - There exists a set of all natural numbers.

• Replacement - If we have a set X, and some way to assign a specific set y to every x in
X, then all the assigned sets y also form a set.

• Choice - If X is a family of nonempty sets, then there exists a function g defined on X
such that g(x)∈x for all x∈X.

2. Ordinals

Definition 1. We call an ordered set (X,≤) well-ordered if every subset of X has a smallest
element. In other words, every two elements can be compared, and there’s no infinite descending
chains.

Definition 2. We call α an ordinal number, if

• Whenever z ∈ y and y ∈α, also z ∈α

• α is linearly ordered by the relation ∈

Theorem 3. For ordinal numbers α and β, we have

a) α∪{α} is an ordinal number.

b) α∩β is an ordinal number.

c) All elements of α are ordinal numbers.

d) If α(β, then α∈β

e) Either α∈β,α=β or α3β

Thus we can think of ∈ as a relation putting the ordinals in a linear order. It is not formally an
ordering, since for that all ordinals would have to form a set, which, as we will later see, is not
the case.

Theorem 4. For every well-ordered set (X,≤) there’s exactly one ordinal α with a bijection
f :X→α which preserves order.
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Definition 5. For any ordinal α we let α+ 1 be α∪{α}. Ordinals of this form are called
successor ordinals. Nonzero ordinals that aren’t successors are called limit ordinals.

The Axiom of Infinity implies, that there exist limit ordinals. We call the smallest one ω, and we
define natural numbers as its elements.

Theorem 6. There is no set of all ordinal numbers.

Theorem 7 (Hartogs). For any set X there exists an ordinal α, for which there’s no injection
f :α→X.

Theorem 8. For every set of ordinals A there exists the smallest ordinal containing A as a
subset. We denote it supA.

3. Transfinite induction and recursion

Theorem 9 (Transfinite induction). Let P (x) be any statement depending on x. If for every
ordinal α we have

P (0)

P (α)→P (α+1)(
∀β<γP (β)

)
→P (γ) for limit ordinals γ

then P is true for all ordinals.

Just like we can recursively construct sequences of objects indexed by natural numbers, we can
talk about transfinite sequences (xα) and define them using transfinite recursion: if we can define
x0, for all α find a way to define xα+1 in terms of xα, and for limit ordinals γ define xγ in terms
of all the previous xβ , that uniquely specifies the whole sequence.

Theorem 10 (Zermelo). Every set can be well-ordered.

4. The von Neumann Hierarchy

Definition 11. Using transfinite recursion we define

V0 =∅
Vα+1 =P(Vα)

Vγ =
⋃
β<γ

Vβ for limit ordinals γ.

Definition 12. The rank of a set X is the smallest ordinal α such that X∈Vα+1. In particular,
rank(α) =α for all ordinals α.

Theorem 13. Every set has a rank, in other words for every set X there exists an ordinal α
with X ∈Vα+1.
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5. Ordinal arithmetic

We already defined α+ 1 = α∪{α}. Now we extend this definition to addition on any pair of
ordinals.

Definition 14. Let α+β be the ordinal isomorphic to the set

({0}×α)∪({1}×β),

with lexicographic order: compare the first component, if they’re equal compare the second.

Definition 15. Let α ·β be the ordinal isomorphic to β×α with the lexicographic order.

We can also alternatively define these operations using transfinite recursion:

α+0 =α

α+(β+1) = (α+β)∪{α+β}

α+γ=
⋃
β<γ

(α+β) for limit ordinals γ.

α ·0 = 0

α ·(β+1) =α ·β+α

α ·γ=
⋃
β<γ

(α ·β) for limit ordinals γ

Theorem 16. For any ordinals α,β,γ we have

• 1+ω=ω 6=ω

• 2 ·ω=ω 6=ω ·2

• (α+β)+γ=α+(β+γ)

• (α ·β) ·γ=α ·(β ·γ)

• α ·(β+γ) =α ·β+α ·γ.

Theorem 17. If α<β and γ 6= 0 are ordinals, then

• γ+α<γ+β

• α+γ≤β+γ

• γ ·α<γ ·β

• α ·γ≤β ·γ.

Definition 18. In a similar way we define taking ordinals to ordinal powers:

α0 = 1

αβ+1 =αβ ·α

αγ =
⋃
β<γ

αβ for limit ordinals γ.
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Theorem 19. If α> 1, then αβ ≥β.

Theorem 20 (Goodstein). Let a2 be any natural number. We recursively define a sequence of
natural numbers: if an = 0, then an+1 also equals 0. If an is nonzero, then we write it in base n,
then write every exponent in base n, and keep going until all the numbers used in the notation
are less or equal to n. Then we substitute n+1 for every n (in the exponents too), and subtract
one, and define an+1 as the resulting number. In this case, no matter how we picked a2, there
will be a natural k > 2 for which ak = 0.
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Primitive Roots Modulo a Prime
Miroslav Marinov

1. Introduction and Basic Applications

Throughout p denotes a prime number. We say that g is a primitive root modulo p if the set
{g,g2,g3, . . . ,gp−1} (all elements viewed mod p) coincides with the set {1,2, . . . ,p−1}.

Example 1. Observe that 2 is not a primitive root mod 7 since {2,22,23,24,25,26}= {1,2,4},
while 3 is because 31≡ 3, 32≡ 2, 33≡ 6, 34≡ 4, 35≡ 5, 36≡ 1, all modulo 7.

Example 2. It can be verified that 7 is a primitive root modulo 71, e.g. by evaluating 7d for all
divisors of 70. To find all solutions to the congruence x9≡49 (mod 71), let x≡7y – then 79y≡72

(mod 71), i.e. 9y≡ 2 (mod 70), whence y≡ 8 (mod 70), concluding x≡ 78≡ 27 (mod 71).

Theorem 3. Let p be a prime number. Then there exists a primitive root modulo p.

Remark 4. In general, the problem of efficiently finding a primitive root given a prime p is
hard, but knowing one such root immediately generates all others. Indeed, note that if g is a
primitive root, then all of them are precisely the ones of the form gk where (k,p−1) = 1.

Remark 5. It is also true that there is a primitive root modulo n (with a slightly different
definition) only for all n≥ 2 which are 2,4,pk or 2pk for some prime p and positive integer k.

The following two lemmas are fundamental and the second one shall be used often.

Lemma 6. Let p be a prime, let k be a positive integer and let a be an integer not divisible by
p. Then the number of solutions to xk ≡ 1 (mod p) is (k,p−1) and the number of solutions to
xk ≡ a (mod p) is either 0 or (k,p−1).

Proof. Let g be a primitive root mod p and x≡ gy. Then xk≡ 1 (mod p)⇔ gyk≡ 1 (mod p)⇔
yk≡0 (mod p−1)⇔y k

(p−1,k) ≡0 (mod p−1
(p−1,k) )⇔y≡0 (mod p−1

(p−1,k) ) and the first part follows.

For the second part, suppose there is at least one solution and write a≡yk where y is not divisible
by p. Then xk≡a⇔ (xy−1)k≡1 (mod p), which by above has (k,p−1) solutions for xy−1. Since
y−1 is independent of x and coprime with p, we see now that there are also (k,p−1) solutions for
x, as desired.

Lemma 7. Let p be a prime and let k be a positive integer. Then the number of distinct k-th
powers modulo p is 1+ p−1

(p−1,k) .

Proof. Clearly 0 is a k-th power; now consider xk≡a where a runs through {1,2, . . . ,p−1}. With
g being a primitive root, a≡gb, where b runs through {1,2, . . . ,p−1}, and x≡gy, we equivalently
consider ky≡ b (mod p−1). This has a solution for y precisely when (k,p−1) divides b. The
number of multiples of (k,p−1) in {1,2, . . . ,p−1} is p−1

(p−1,k) and the result follows.

Example 8. (PUMaC 2013) Determine the number of primes between 100 and 200 for which
there are integers x and y such that x11 +y16≡ 2013 (mod p).
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In the rest of this section we give some problems which are nice and useful exercises, especially if
one is new to the topic, but definitely do not individually deserve to be olympiad problems.

1. (Roots of unity filter lemma) Let p be a prime, let g be a primitive root modulo p and let
m | p−1 be a positive integer. If P is a polynomial with integer coefficients, prove that the sum
of all coefficients at powers divisible by p−1

m equals

P (1)+P (gm)+P (g2m)+ · · ·+P (g( p−1
m −1)m)

p−1
m

.

2. Find all primes p for which x4≡−1 (mod p) has a solution.

3. a) Evaluate 1k+2k+ · · ·+(p−1)k (mod p), where p is a prime and k is a positive integer.

b) (China IMO TST 1993) For every odd prime p determine the value of

1

2
−


∑ p−1

2
m=1m

120

p

 .
(Here {t}= t−btc denotes the fractional part of t.)

c) Let p be an odd prime and f(x) = a0 +a1x+ · · ·+ap−1x
p−1 be a polynomial with integer

coefficients such that p does not divide ap−1. Prove that there are integers a and b such that a−b
is not divisible by p but f(a)−f(b) is divisible by p.

4. (PEN) For a prime p 6= 3 prove that the product of all primitive roots mod p is 1 mod p.

5. (PEN) Let p≡ 3 (mod 4) be a prime. If g is a primitive root modulo p such that g2≡ g+1
(mod p), then prove that the numbers g−1 and g−2 are also primitive roots modulo p.

6. (Oxford Number Theory Exam 2019, stronger version) Let n be a squarefree integer. Prove
that for all integers a there are integers x, y and z such that x3 +y3 +z3 ≡ a (mod n). (This
definitely breaks down e.g. for n= 8 and n= 9. If you know about Hensel’s lemma, you can
try to investigate for which general n things can work. Also, if you are interested, google the
Cauchy-Davenport theorem and try to overkill-solve the squarefree case with it.)

7. Let p≥ 5 be a prime and let g be a primitive root modulo p. Show that the product (g2 +
1)(g4 +1) · · ·(gp−3 +1) is congruent to 1 modulo p if p≡ 3 (mod 4) and to 0 if p≡ 1 (mod 4).

2. Olympiad Problems

8. (Bulgaria 2012) The prime p is such that 2
p−1
4 −1 is an integer multiple of p. Prove that p≡1

(mod 8) and that there exist integers a and b such that a4 +1 and b4 +2 are divisible by p.

9. a) (MBL 2017 Olympic Challenge, Younger Division) Let p be a prime and f(x) be a polyno-
mial with integer coefficients such that f(0) = 0, f(1) = 1 and f(n) is congruent to 0 or 1 mod p
for every integer n. Prove that the degree of f is at least p−1.

b) (Bulgaria IMO TST 2017) Let p be a prime and let f(x) be a polynomial with integer coeffi-
cients for which there is a permutation {a1, . . . ,ap} of {1, . . . ,p} such that f(ai)≡ 2p−i (mod p)
for i= 1, . . . ,p. Prove that the degree of f is at least p−1.
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10. (Bulgaria Balkan MO TST 2017) Determine all primes of the form 5n+ 1 for which the
remainders of 15,25, . . . ,n5 modulo 5n+1 are pairwise distinct.

11. (Bulgaria RMM TST 2017) Let p and q be primes such that q > p. Denote Ak = kp−1 +
kp−2 + · · ·+k+ 1 for k ∈ {1,2, . . . , q−1}. Determine all possible remainders when the product
A1A2 · · ·Aq−1 is divided by q.

12. (Iran National Round 2011) Let d be a positive integer and let p be a prime. Prove that
there is a primitive root x modulo p such that d2x is also a primitive root modulo p.

13. (Turkey EGMO TST 2016) Let n> 1 be a squarefree positive integer. Prove that there is a
prime divisor q of n and a positive integer m such that n divides q(mq+q).

14. (Vojtech Jarnik 2014, Category II) Let p be a prime and let A be a subset of the non-zero
remainders {1,2, . . . ,p−1} modulo p with the following properties:

1. A is non-empty and its cardinality is a multiple of 6.

2. If x and y are (not necessarily distinct) elements of A, then xy (mod p) also is.

3. If x is an element of A, then x−1 also is (where x−1 is the unique solution to xy≡1 (mod p)
with respect to the variable y).

Prove that there are elements x1,x2 and x3 from A such that x1 +x2≡x3 (mod p).

15. a) (MBL 2018 Mathematical Matches, Middle Match) Let p be a prime and let k be a positive
integer. The set S consists of all positive integers a less than p such that xk ≡ a (mod p) has a
solution. Suppose that 3≤|S|≤p−2. Prove that the elements of S, when arranged in increasing
order, do not form an arithmetic progression.

b) (Bonus) For which p and k does the condition 3≤ |S| ≤ p−2 hold?

16. (Mongolian Teachers Olympiad 2017; Moldova IMO TST 2019) Let p≥ 5 be a prime. Prove
that there exist positive integers m and n such that m+n≤ p+1

2 and 2n3m−1 is divisible by p.

17. (Serbia National Round 2010) Let n be a positive integer. Is it possible to fill in the cells
of a n×n table with the integers from 1 to n2 (each integer appearing exactly once) so that all
products of n integers, no two of which lie in the same row or column, give the same remainder
when divided by n2 +1, if: a) n= 8 b) n= 10?

18. a) Let p≡ 3 (mod 4) be a prime. Prove that∏
1≤x<y≤ p−1

2

(x2 +y2)≡ (−1)b
p+1
8 c

b) (Olympiad of Metropolises 2018) Let p≡ 5 (mod 8) be a prime. The integers r1, r2, . . . , r2k+1

are such that the numbers 0, r4
1, r

4
2, . . . , r

4
2k+1 give different remainders modulo p. Prove that∏

1≤i<j≤2k+1

(r4
i +r4

j )≡ (−1)b
k(k+1)

2 c

19. a) (USA IMO TST 2010) Is there a positive integer k such that p=6k+1 is prime and
(

3k
k

)
≡1

(mod p)?

b) (Taiwan IMO TST 2019) Let k be a positive integer such that p= 8k+1 is prime and let r be
the remainder when

(
4k
k

)
is divided by p. Prove that r is not a perfect square.
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20. a) (ELMO 2011) Let p> 13 be a prime of the form 2q+1 where q is also a prime. Find the
number of pairs (m,n), 0≤m<n<p−1, of integers such that

3m+(−12)m≡ 3n+(−12)n (mod p)

b) (ELMO 2011, original formulation by the proposer) Let p be a prime of the form 22k

+1 where
k is an integer. Find the number of pairs (m,n), 0≤m<n<p−1, of integers such that

2m+3m≡ 2n+3n (mod p)

21. (Putnam 2019 A5) Let p be an odd prime. Find the greatest integer n for which there
exists a polynomial Q(x) with integer coefficients such that the coefficient at xs of (x−1)nQ(x)

is congruent (modulo p) to the coefficient at xs of
∑p−1
k=1 k

p−1
2 xk for all positive integers s.

22. (IMO SL 2001 N6, stronger version) Do there exist 100 positive integers not exceeding 10100
such that all possible sums of two of them (not necessarily distinct) are different?

(Hint: 101 is prime.)

23. (IMO SL 2012 N8, full version) Prove that for every prime p 6= 11 and every integer r there
are integers a and b such that a2 +b5−r is divisible by p.

3. A Special Application – Sidon Sets

A subset of {1,2, . . . ,n} of positive integers

A= {a1,a2, . . . ,an}, a1<a2< .. .< an

is called a Sidon set if for each x∈N there is at most one solution to the equation

x= ai+aj , ai,aj ∈A, i≤ j.

Equivalently, we want all differences ak−a`, k > `, to be distinct.

Here are some examples:

• {1,2,5,11,19,24,26} is a Sidon subset of {1,2, . . . ,26}.

• {1,4,6,9,13,14} is not a Sidon set (due to 1+9 = 10 = 4+6, 1+14 = 15 = 6+9).

• {1,2,4,7,11} is not a Sidon set (due to 1+7 = 8 = 4+4).

• {1,18,21,87,120,141,167,228,241,256,354,431,521,560,565,566,603,676,725,
782,818,834,906,930,962,971,981,1132,1163,1190,1213,1320,1404,1434,1438,
1452,1463,1498,1505,1590,1602,1681,1764,1786,1826,1881,1889,1957,1959}
is a 49-element Sidon subset of {1,2, . . . ,1959}.

Remark 9. The fourth example can be found by a method known as the Projective plane
construction. We shall not discuss it here.

Denote by Q(n) the maximal possible size of a Sidon subset of {1,2, . . . ,n}. We begin with
presenting a lower bound which comes from a natural application of the greedy algorithm.
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Proposition 10. Let n be a positive integer. Then Q(n)≥b 3
√
nc.

Proof. Let x3 be the largest cube less than or equal to n – we will construct a subset of
{1,2, . . . ,x3} of size x. We proceed as follows – as a first step pick 1, as a second step pick 2 and
afterwards on each step pick the smallest positive integer which is not of the form a+b−c where
a, b, c are previously chosen numbers. (Note that d= a+b−c is equivalent to a+b= c+d.)

To assure this algorithm works for at least x steps (this would imply that we have a Sidon set
with at least x numbers), we have to check that there are not too many forbidden values for
a+b−c at each step. On the i-th step, i≥3 we have already picked i−1 numbers previously and
so for each of a, b, c there are i−1 possible values. Hence for a+b−c there are at most (i−1)3

possible values. So if at the i-th step we allow ourselves to pick from {1,2, . . . ,(i−1)3 +1} we will
be sure that there is at least one value which is not forbidden to be picked. In particular, for the
x-th step it is enough to allow ourselves to pick from {1,2, . . . ,(x−1)3 +1}⊂{1,2, . . . ,x3} and so
we are done.

To obtain a better lower bound, we shall see now that number-theoretic approaches turn out to
be quite helpful.

Proposition 11. (Ruzsa) Let p be a prime. Then Q(p2−p)≥ p−1.

Proof. Let g be a primitive root modulo p. It suffices to show that the p−1 numbers

pi+(p−1)gi (mod p2−p), 1≤ i≤ p−1

are distinct and satisfy the conditions for a Sidon set.

Firstly, since p - (pi+(p−1)gi) for any i (due to (p,p−1) = 1 and p - g), all of these numbers are
non-zero, hence they are even a subset of {1,2, . . . ,p2−p−1}.
Also, all of pi+(p−1)gi are distinct modulo p (due to g), so there cannot be two which are equal
when reduced modulo (p2−p).
Now let

p(i+j)+(p−1)(gi+gj)≡ a (mod p2−p)

with the idea to show that the pair (i, j) is unique. Then note that

gi+gj ≡−a (mod p)

i+j≡ a (mod p−1).

Now the fact that gp−1≡ 1 (mod p) and the second congruence give

gigj ≡ ga (mod p)

Now plugging gi≡−a−gj (mod p) in the last congruence gives

(gj)2 +agj+ga≡ 0 (mod p)

(the same holds for gi). Therefore gi, gj are roots of the polynomial

x2 +ax+ga

in Z/pZ. Since a second-degree polynomial cannot have more than two roots in Z/pZ, the numbers
gi and gj are uniquely determined (up to permutation), thus the same holds for i and j, as well.
This completes the proof.
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For an upper bound, which will be entirely combinatorial (but very interesting to see) we will
mimic an approach by Lindström, but with as strengthened as possible inequalities.

Theorem 12. For every m∈N, m∈ [1,Q(n)−1] and n∈N we have

Q(n)≤ m+1

2
+

√
3
√
−8m3 +12m2n−12m2 +12mn−4m+3−3

6m

Proof. Let A= a1 <a2 < .. . < aQ(n) be a Sidon subset of {1,2, . . . ,n}. As we have mentioned
in the definitions, the differences aj−ai, 1≤ i < j≤ r must all be different. We call the number
j− i> 0 the order of the difference aj−ai.
For a given order ν ∈ [1,Q(n)−1] consider the sum of all differences of order ν

Σν =

Q(n)−ν∑
i=1

(ai+ν−ai).

This sum can be split in (at most) ν sums of the form

(aν+1−a1)+(a2ν+1−aν+1)+(a3ν+1−a2ν+1)+ · · ·

(aν+2−a2)+(a2ν+2−aν+2)+(a3ν+2−a2ν+2)+ · · ·

· · ·

(a2ν−aν)+(a3ν−a2ν)+(a4ν−a3ν)+ · · ·

Now note that ap≥ p and that the highest ν numbers have sum not exceeding the sum of n,n−
1, . . . ,n−ν+1. Hence as a result of cancelations in the above ν sums we obtain Σν = (n−1)+
(n−3)+ · · ·+(n−2ν+1) =nν−ν2.

Consequently, the sum of all differences of order at most m is at most

Σ1 +Σ2 + · · ·+Σm≤n
m∑
ν=1

ν−
m∑
ν=1

ν2 =
m(m+1)

2
n−m(m+1)(2m+1)

6
.

On the other hand, note that there are Q(n)−ν differences of order ν. Hence the number of
differences of order at most m∈N, m∈ [1,Q(n)−1] is exactly

(Q(n)−1)+(Q(n)−2)+ · · ·+(Q(n)−m) =mQ(n)−m(m+1)

2
=ms

where s=Q(n)− m+1
2 . The definition of a Sidon set requires these differences to be different.

Thus we find that

Σ1 +Σ2 + · · ·+Σm≥ 1+2+ · · ·+ms=
ms(ms+1)

2

and arrive to the inequality (note that m> 0)

ms2 +s−(m+1)n+
(m+1)(2m+1)

3
≤ 0
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which gives

s≤
√

3
√
−8m3 +12m2n−12m2 +12mn−4m+3−3

6m

and leads to the conclusion (s=Q(n)− m+1
2 )

Q(n)≤ m+1

2
+

√
3
√
−8m3 +12m2n−12m2 +12mn−4m+3−3

6m

as desired.

Remark 13. So currently we have 49≤Q(2020)≤51. (With the same methods we see that this
also holds up to 2026.)

4. Solutions to all problems

Included are all alternative ideas which students have given during the class, as well as additional
problems which they have suggested to me and I did not know of previously. The solutions to
1.1−1.7 are sketchy, while for all other problems I have aimed to give full details.

1.1 Let P (x) =
∑
k akx

k When we expand the main expression, the sum of terms involving the
coefficient ak is ak

p−1
m

(1+gkm+g2km+ · · ·+g( p−1
m −1)km). Now if k is divisible by p−1

m , then p−1

is divisible by km and via Fermat’s little theorem the latter expression equals ak; and if k is not
divisible by p−1

m , by evaluating the expression as a geometric series we get 0.

1.2 The case p= 2 is clear. When p is odd, justify that the order of x mod p is 8 and thus p≡ 1

(mod 8) – all these work by taking x= g
p−1
8 , where g is a primitive root.

1.3 For a), take gai ≡ i and evaluate the geometric series
∑p−1
i=1 g

kai ≡
∑p−1
j=1 g

kj by distinguishing
the cases p−1 | k (the answer is p−1) and p−1 - k (the answer is 0). Parts b) and c) are very
similar.

1.4 The case p=2 is clear so let p≥5. As we have remarked, all primitive roots are of the form gk

where (k,p−1)=1. So the whole product is g
∑

(k,p−1)=1 k =g
(p−1)ϕ(p−1)

2 ≡1 (mod p). (As usual, ϕ
is Euler’s totient function. The equality follows by grouping the summands into pairs (k,p−1−k)
with sum p−1 where both elements of the pair are coprime with p−1.)

1.5 We have g−1≡ g−1 (mod p) and now it is easy to check that g−1 has order p−1 mod p
and is hence a primitive root (note that here p≡ 3 (mod 4) is not needed). Next, g2≡ g+1⇔
(g−2)(g+1)≡−1 (mod p)⇔ (g−2)≡−g−2 (mod p), so it remains to justify that the order m
of −g−2 is equal to p−1. Note that g2m ≡ (−1)m (mod p) and hence if m is odd, then (−1)
would be a square mod p, contradicting p≡ 3 (mod 4). Thus m is even, g2m ≡ 1 (mod p) and
so p− 1 | 2m (since p− 1 is the order of g). Finally, note that m= p−1

2 is impossible, since
1≡ (−g−2)

p−1
2 ≡−g−(p−1)≡−1 (mod p) is false and so it is indeed the case that m= p−1.

1.6 By the Chinese remainder theorem it suffices to prove the assertion when n= p is prime. If
p= 3 or p≡ 2 (mod 3) then every remainder is a cube mod p by Lemma 7, thus taking y= z= 0
and a solution to x3≡a (mod p) suffices. Now consider p≡1 (mod 3) in which case we have p+2

3
cubes by Lemma 7. Consider the equivalent congruence x3+y3≡a−z3 (mod p). The right hand
side attains p+2

3 values and so if we show that the left hand one attains at least 2p+1
3 values we
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will be done – since then the total number of values attained by both sides is at least p+1 and
by the Pigeonhole principle both sides will have at least one value in common.

For y= 0 the left hand side attains p+2
3 possible values. Now consider y= kx for x 6≡ 0, k 6≡ 0 –

it suffices to show that some k generates p−1
3 values different from the ones with y= 0. Suppose

not – then for every k there must be an overlap, i.e. x1 and x2 (depending on k) such that
x3

1≡x3
2(1+k3) (mod p) and p -x1,x2. But this would imply (x1x

−1
2 )3≡1+k3 (mod p) and hence

that if ` is a cube, then 1+ ` is also a cube. Now inductively we obtain that every remainder
must be a cube, contradicting the fact that there are only p+2

3 cubes. The result follows.

Comment. In a similar but much simpler fashion one can show that for any prime p and integer a
the congruence x2 +y2≡a (mod p) has a solution; also if p≥7 and p -a, then we can take x,y to
be non-zero – the case of a being a quadratic non-residue is clear (by the previous part we have
a solution and it cannot be with x≡ 0 or y≡ 0) and if a≡ z2, then take x≡ 3z ·5−1, y≡ 4z ·5−1.
(Check out also Problem 5 from the 2018 MBL Qualifying Quiz.)

1.7 Equivalently, we want (g2+1)(g4+1) · · ·(gp−3+1)(gp−1+1) to be 2 (mod p) for p≡3 (mod 4)

and 0 for p≡ 1 (mod 4). Note that the polynomial P (x) = (x−1)
p−1
2 −1 has precisely g2k+1,

1≤ k≤ p−1
2 as its roots. When p−1

2 is odd we have P (0) =−2 and the product of these roots is
congruent to −P (0) = 2, e.g. by Vieta’s formulae. The case p≡ 1 (mod 4) is similar.

2.1. For the first part it is easiest to observe 2
p−1
2 ≡ 1 and hence quote that 2 is a quadratic

residue mod p – then simultaneously p≡±1 (mod 8) and p−1
4 is an integer, thus p≡ 1 (mod 8).

Next, let g be a primitive root mod p – then clearly a= g
p−1
8 satisfies a4 +1≡ 0.

Now let m be such that gm≡−2 (mod p). (Secret aim: It must be the case that m is a multiple
of 4.) Then g

p−1
4 m≡ (−2)

p−1
4 =2

p−1
4 ≡1 (mod p) and so the order of g, namely p−1, must divide

(p−1)m
4 . In particular, m= 4n for some integer n and now we conclude that b= gn works via

(gn)4≡ gm≡−2 (mod p).

2.2. a) Omitted. Both solutions in b) apply equally well here, too.

b) First solution. The case p=2 follows by noting that f attains both even and odd values and
hence is non-constant. Let p be odd and suppose that degf≤p−2. Then with f(x)=

∑p−2
k=1 akx

k,
by Problem 3 a) we obtain

p∑
i=1

f(ai)≡
p∑
i=1

f(i)≡
p∑
i=1

p−2∑
k=1

aki
k ≡

p−2∑
k=1

ak

p∑
i=1

ik ≡ 0.

On the other hand,
∑p
i=1 f(ai)≡

∑p
i=1 2p−i = 2p−1≡ 1 (mod p) (we have used Fermat’s little

theorem), giving a contradiction. Therefore degf ≥ p−1.

Second solution. (This does not use primitive roots. Secret aim: I know the values of f at
distinct points so I can work with an explicit form for it via Lagrange interpolation.) The case
p= 2 follows by noting that f attains both even and odd values and hence is non-constant. Let
p be odd, suppose that degf ≤ p−2 and consider

g(x) =

p−1∑
k=0

(−1)p−k−1f(k)
x(x−1) · · ·(x−k+1)(x−k−1) · · ·(x−p+1)

k!(p−k−1)!
.

It is easy to see that g(i) = f(i) for i= 0,1, . . . ,p−1. Since the degree of g−f is at most p−1, it
must be the case that f(x) = g(x). By considering the coefficient ap−1 at xp−1 (which must be 0
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for g(x), since it is 0 for f(x) by degf ≤ p−2) we obtain

0≡ ap−1(p−1)! =

p−1∑
k=0

(−1)p−k−1f(k)
(p−1)!

k!(p−k−1)!
≡
p−1∑
k=0

f(k)≡
p−1∑
k=0

2p−k ≡ 2p+1−2≡ 2 (mod p)

(for the last step we used Fermat’s little theorem) which is impossible. Therefore degf ≥ p−1.

2.3. Let g be a primitive root. By Proposition 7 we have exactly p−1
5 =n non-zero 5-th powers

mod p and so it must be the case that 15,25, . . . ,n5 are all distinct 5-th powers mod p. Hence
with i5≡ g5ai where {a1,a2, . . . ,an}= {1,2, . . . ,n} (similarly to Problem 1.2 a))

n∑
i=1

i5≡
n∑
i=1

g5ai ≡
n∑
j=1

g5j ≡ g5(g5n−1)

g5−1
≡ 0 (mod p).

On the other hand,
∑n
i=1 i

5 = n2(n+1)2(2n2+2n−1)
12 (yep :-( no idea how to avoid the use of this

monster) and in particular the prime 5n+ 1 must divide n2(n+ 1)2(2n2 + 2n−1). But clearly
5n+1 -n, 5n+1 -n+1 and so 5n+1 must divide 2n2 +2n−1, whence it also divides 8(̇5n+1)−5·
[5(2n2 +2n−1)−2n(5n+1)] = 33. Therefore n= 2 is the only eventual possibility and it is easy
to check that it indeed works.

2.4. Evidently, A1 = p and Ak = (kp−1)(k−1)−1 for k∈{2,3, . . . , q−1}. We have two cases:

• If p divides q−1, then with k0 being the remainder of g
p−1
q modulo p we have Ak0 ≡ 0

(mod q) and so the required remainder is 0.

• If p does not divide q− 1, then the two are relatively prime and so by Lemma 7 every
remainder mod q is a p-th power. In other words, the remainders of 1p−1, 2p−1, . . .,
(q−1)p−1 mod q are distinct (and so these are all except (−1), since they are q−1 in number
and none of 1,2, . . . , q−1 is divisible by q) and only the first one is 0. From the uniqueness
of inverse elements also follows that the remainders of (k−1)−1, k ∈{2, . . . , q−1}, are also
distinct and so they cover {2,3, . . . , q−2} (for k= 1 we do not have an inverse element and
for k= 0 it is (−1)). By using the very first observation and Wilson’s theorem we conclude

A1[A2A3 · · ·Aq−1]≡ p[(q−2)!(q−2)!]≡ p (mod q).

Comment. We have not really used the condition q>p. I guess it is given so that you can formally
say that the answer to the problem is “0 and p” – and if q≤ p, then saying that p the remainder
upon division by q will not be correct for silly reasons.

2.5. Let g be a primitive root mod p and d2≡ g2k for the respective k. It suffices to show that
for some a we have (a+2k,p−1) = (a,p−1) = 1 (then we shall set x≡ ga and we will be done;
note that we rely on the observation that if h is a primitive root then all such roots are precisely
hk where (k,p−1)).
Let 2, q1, . . . , qz be the prime divisors of p−1. Then the choice a≡ 1 (mod 2), a≡ zi (mod qi),
where zi 6≡ 0,−2k (the zi exist since we have qi≥ 3 available remainders modulo qi; and then a is
exists by the Chinese Remainder Theorem) clearly satisfies the requirements.

2.6. First solution. Let q be the largest prime factor of n. For any other prime factor p of n
the number of q-th powers mod p is 1+ p−1

(p−1,q) =p by Lemma 7 and hence nq+q≡0 (mod p) has
a solution. Finally, given solutions n≡ni (mod p)i where pi are all prime factors of n except q,
we obtain a solution to nq+q≡ 0 (mod n

q ) by the Chinese remainder theorem and we are done.
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Second solution. If n is prime – clear. Else, let n= qp1 · · ·pk, where q is the largest prime
divisor of n and pi are prime. We want p1 · · ·pk to divide mq+q for some m. With the Chinese
Remainder Theorem we reduce to the existence of m0 with mq

0 + q ≡ 0 (mod p1). Let g be a
primitive root modulo p1 and gr ≡−q for the respective r. Since p1 < q (by the choice of q),
the numbers p1−1 and q are coprime and thus (by Bezout’s lemma) q has an inverse element,
call it q−1, modulo p1−1. It remains to check that m≡ grq−1

(mod p1) works. Indeed, qq−1≡ 1

(mod p1−1) gives gqq
−1 ≡ g (mod p1) and so mq ≡ grq−1q ≡ gr ≡−q (mod p1), as required.

2.7. Set x3 = 1 (1∈A by 2. and 3.). Let g be a primitive root modulo p. Define n= min{k >
0 : gk ∈A} (such n exists since we are working with finite sets). We claim that the set G of all
distinct elements in {gn,g2n,g3n, · · ·}, when viewed mod p, coincides with A. The inclusion G⊆A
follows by gn ∈A and 2. Conversely, if gl ∈A, then the Euclidean division l=nq+r,0≤ r <n, 2.
and 3. give gr = gl−nq = gl((gn)−1)q ∈A. The minimality of n implies r= 0, whence gl = (gn)q

and A⊆G.
Next, from 6 | |G| we obtain that the order of gn modulo p is 6k0 for some positive integer k0 – thus
the order of a := gnk0 is 6. Hence a3≡−1 (mod p) and a2 6≡ 1 (mod p). Therefore a2−a+1≡ 0
(mod p) and so (after dividing by a) a+a5≡ 1 (mod p), which completes the proof.

Comment. An interesting observation – if we imagine {a,a2,a3,a4,a5,1} as the sixth roots of
unity in C, the numbers a and a5 will correspond to (cos π3 ± isin

π
3 ) and so their sum shall be 1.

This is a strong motivation for the choice x1 = a, x2 = a5 in the solution.

Comment. Here is a nice way to justify (−1)∈A. The only elements y, for which y≡y−1 are ±1,
and the others can be paired as (element ↔ inverse element) and since |A| is even and 1∈A (as
in the beginning of the solution), we necessarily have (−1)∈A. I have no idea whether this can
lead to a full alternative solution, though.

Comment. The first part of the solution uses heavily the idea to prove the fact that a subgroup
of a (not necessarily finite) cyclic group is also cyclic.

2.8. a) For p= 2 and p= 3 the inequality in the statement cannot hold, so let p≥ 5. Note that
S has the following properties: 1∈ S; if a,b∈ S then ab∈ S; if a∈ S, then a−1 exists and is in
S. Now exactly as in the first part of the solution to the previous problem we prove that there
is a remainder h∈ {2,3, . . . ,p−2} such that S = {1,h,h2, . . . ,hd−1} for some divisor d of p−1.
Moreover, 3≤ |S| ≤ p−2 and |S|= d imply d<p−1. Then as h 6≡±1 (mod p) we obtain

∑
s∈S

s≡h0+· · ·+hd−1≡ h
d−1

h−1
≡0 (mod p) and

∑
s∈S

s2≡h0+· · ·+h2(d−1)≡ h
2d−1

h2−1
≡0 (mod p).

Since the elements of S are assumed to form (when reordered increasingly) an arithmetic pro-
gression, we may assume S= {1,1+k, . . . ,1+(d−1)k} for some 0<k<p−1. Now observe that

∑
s∈S

s=

d−1∑
i=0

(1+ ik) = d+
d(d−1)

2
k and

∑
s∈S

s=

d−1∑
i=0

(1+ ik)2 = d+d(d−1)k+
d(d−1)(2d−1)

6
k2.

So it must be the case that d+ d(d−1)
2 k ≡ d+d(d− 1)k+ d(d−1)(2d−1)

6 k2 ≡ 0 (mod p), i.e. (by
cancelling d<p−1) 1+ d−1

2 k≡1+(d−1)k+ (d−1)(2d−1)
6 k2≡0 (mod p). Inserting 1≡−d−1

2 k into
the second congruence yields

k2

(
(d−1)2

4
− (d−1)2

2
+

(d−1)(2d−1)

6

)
≡ 0 (mod p), i.e. d≡ p−1 (mod p)
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which contradicts 3≤ d≤ p−2. This completes the proof.

b) By Lemma 7 it is enough to examine 3≤ p−1
(p−1,k) ≤p−2. From here we must have (p−1,k)>1

and p≥ 3 ·(p−1,k)+1. Conversely, if these hold, then p−1
(p−1,k) ≤

p−1
2 ≤ p−2 also holds.

2.9. See https://artofproblemsolving.com/community/c6h1799463p11939056, particularly
rmtf1111’s solution. (The other attempt with a primitive root approach, by pathological, does
not work essentially due to the uncorrectable false inequality d+ p−1

d −1≤ p+1
2 .)

2.10. a) No! Suppose it is possible and let the common remainder is x. By considering n pairwise
disjoint scattered sets whose union is the whole table, we obtain xn ≡ (n2)! (mod n2 +1). For
n=8 by 65=5·13 it follows that x8≡0 (mod 65) and hence x≡0 (mod 65). Therefore 65 divides
the product of each scattered set and so 658 divides the product of all numbers in the table, i.e.
64!. However, the 135 does not divide 64! but divides 658, which gives the desired contradiction.

b) Yes! We give a construction for any n such that n2 +1 is prime. (Secret aim: If we wanted the
sums instead of the products of scattered sets to give the same remainder, we would have just put
aij =n(i−1)+j)). Let g be a primitive root modulo n2 +1, define aij =gn(i−1)+j−1 and compute
carefully

∏n
i=1 ai,σ(i) where σ is a permutation on {1,2, . . . ,n}.

2.11. a) Let g be a primitive root. The squares mod p are precisely g2, (g2)2, . . ., (g
p−1
2 )2 and so∏

1≤x<y≤ p−1
2

(x2 +y2)≡
∏

0≤i<j≤ p−3
2

(g2i+g2j)≡
∏

0≤i<j≤ p−3
2

h2i−h2j

hi−hj

where h=g2. Write p=4k+3. By appropriate cancelling we will get a product of 1s and (−1)s –
the number of (−1)s is equal to the number of (i, j),0≤ i<j≤2k, such that 2i (mod 2k+1)>2j
(mod 2k+ 1). This happens for j = k+ 1, . . . ,k+ i where i= 1, . . . ,k and so the final result is
(−1)1+2+···+k = (−1)

k(k+1)
2 = (−1)b

k+1
2 c= (−1)b

p+1
8 c.

b) Analogous – {0, r4
1, . . . , r

4
2k+1} must be the set of all fourth powers by Lemma 7, so this set is

also {0,g4, . . . ,(g
p−1
2 )4}; use g4i−g4j ≡ (g8i−g8j)/(g4i+g4j), h= g4 and finish exactly as in a).

2.12. (Secret aim: I know only the behaviour of a few binomial coefficients, so I want to get rid
of all others – hence roots of unity filter!)

a) No! Suppose the contrary and observe that
(

3k
0

)
≡
(

3k
k

)
≡
(

3k
2k

)
≡
(

3k
k

)
≡ 1 (mod p). Let g be

a primitive root and apply Problem 1 with m= 6 and P (x) = (1+x)3k (the 3k comes from the
“tops” of the binomial coefficients and m= 6 comes from the aim to pick out only the binomial
coefficients whose “downs” are divisible by k= p−1

6 ). We obtain

P (1)+P (g6)+P (g12)+ · · ·+P (g6(k−1))

k
≡
(

3k

0

)
+

(
3k

k

)
+

(
3k

2k

)
+

(
3k

k

)
≡ 4 (mod p).

On the other hand, by Fermat’s Little theorem we have P (x)=(1+x)3k≡(1+x)
p−1
2 ≡0,±1 for any

integer x. It follows that for some bi∈{−1,0,1}, 1≤i≤k, we have b1+b2+· · ·+bk≡4k (mod 6k+1).
The latter is evidently false, since the left-hand side attains values only in [0,k]∪ [5k+1,6k].

b) Let g be a primitive root. By Problem 1 with P (x) = (1+x)4k for m= 4 and m= 8 we obtain

P (1)+P (g8)+P (g16)+ · · ·+P (g8(k−1))

k
≡
(

4k

0

)
+

(
4k

k

)
+

(
4k

2k

)
+

(
4k

3k

)
+

(
4k

4k

)
(mod p)

P (1)+P (g4)+P (g8)+ · · ·+P (g8k−4))

2k
≡
(

4k

0

)
+

(
4k

2k

)
+

(
4k

4k

)
(mod p)
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which implies(
4k

k

)
≡ 1

2

[
P (1)+P (g8)+P (g16)+ · · ·+P (g8(k−1))−P (g4)−P (g12)−·· ·−P (g8k−4)

2k

]
(mod p)

or equivalently, as the inverse of 4k modulo 8k+1 is (−2),(
4k

k

)
≡ 2[P (g4)+P (g12)+ · · ·+P (g8k−4)−P (1)−P (g8)−P (g16)−·· ·−P (g8(k−1))] (mod p).

By Fermat’s little theorem we have P (x) = (1+x)4k ≡ (1+x)
p−1
2 ≡ 0,±1 for any integer x and

in fact P (gs)≡ 0 if and only if gs ≡−1 which is if and only if s= p−1
2 = 4k. Thus if X and

Y denote the number of terms 1 and (−1) in the above expression (which consists of 2k terms
of the form ±P (gs)), then X+Y = 2k− 1 and the expression equals 2(X−Y ) = 4k− 2− 4Y .
The values of the latter mod 8k+1, as Y runs through {0,1, . . . ,2k−1}, are congruent to 4k−
2,4k−6,4k−10, . . . ,2,−2,−6,−10, . . . ,−4k+2 – and when shifted into the interval [0,8k] they are
4k−2,4k−6,4k−10, . . . ,2,8k−1,8k−5, . . . ,4k−1. All these are congruent to 2 or 3 modulo 4
and hence cannot be perfect squares.

2.13. a) See http://web.evanchen.cc/exams/ELMO-2011-sols.pdf

b) See https://artofproblemsolving.com/community/c6h548713p3181991

2.14. (Secret aim: Multiplicity of a root of a polynomial relates directly to derivatives to be equal
to 0.) We note that (x−a)n, 1≤ n≤ p, divides a polynomial q(x) in Fp[x] of degree d≤ p−1
if and only if q(a) = q′(a) = q′′(a) = · · ·= q(n−1)(a) = 0, where qj(a) is the j-th derivative of q at
x= a. A proof of this is as follows – by the division algorithm we can write q(x) in base-(x−a)
expansion q(x) = b0 +b1(x−a)+b2(x−a)2 + · · ·+bd(x−a)d and so it is divisible by (x−1)n if and
only if b0 = b1 = · · ·= bn−1 = 0; on the other hand, qm(a) =m!bm (where bm = 0 if m>d) and so
for m≤ d≤ p−1 we have bm = 0 if and only if qm(a) = 0.

In our setting we have q(x) =
∑p−1
k=1 k

p−1
2 xk, d= p−1 and a= 1. We compute

q(m)(1) =

p−1∑
k=m

k
p−1
2 k(k−1) · · ·(k−m+1) =

p−1∑
k=1

k
p−1
2 k(k−1) · · ·(k−m+1)

and the latter can be expanded into a sum of sums (each multiplied by a coefficient depending on
m) of the form

∑p−1
k=1 k

r where p−1
2 ≤ r≤

p−1
2 +m. For r≤p−2 each of the sums is 0 by Problem

3 a) and in particular the m-th derivative is zero for p−1
2 +m≤ p−2, i.e. m≤ p−3

2 , which implies
that (x−1)

p−1
2 divides q(x). On the other hand, for m= p−1

2 in the expansion we have exactly
one sum

∑p−1
k=1 k

p−1 and all the rest are
∑p−1
k=1 k

r, r≤p−2. The contribution from the exceptional
sum is p−1 by Fermat’s little theorem, thus q( p−1

2 )≡p−1 6≡0 (mod p) and the answer is n= p−1
2 .

2.15. This is Proposition 11 for p= 101.

2.16. See the second solution at http://imo-official.org/problems/IMO2012SL.pdf
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χ-boundedness
Michał Pilipczuk

Abstract

We will be speaking about graph colorings. More precisely, about lower and upper bounds
on the chromatic number of a graph, which is the minimum number of colors needed to color
vertices so that no edge has endpoints of the same color. Even more precisely, we will explore
the connections between the chromatic number and the clique number of a graph, which is
the maximum number of pairwise adjacent vertices that one can find in it. While the clique
number is a trivial lower bound for the chromatic number, the question is whether, and to
what extent, these two parameters are related to each other. Such a relationship does not
hold in general (which we will prove using a probabilistic argument), but there are multiple
interesting classes of graphs where it holds. Such classes are called χ-bounded and they
can be found in many different contexts, e.g. graphs related to geometric objects. During
the course we will work out together several classic results about χ-boundedness, including
perfectness of comparability and cocomparability graphs, and χ-boundedness of intersection
graphs of boxes in the plane, of circle graphs, and of Pt-free graphs.

1. ω vs χ

We will work with the following two graph parameters.

Definition 1. A clique in a graph G is a set of pairwise adjacent vertices in G. The maximum
size of a clique in G is denoted ω(G), and is called the clique number of G.

Definition 2. A proper coloring of a graph G is a coloring of the vertices of G with some set
of colors in which every two adjacent vertices receive different colors. The minimum number of
colors needed for a proper coloring of G is called the chromatic number of G, and is denoted χ(G).

1. Argue that ω(G)6χ(G) for every graph G.

The central question explored in this series of lectures is the following: Is there any more sub-
stantial relationship between ω(G) and χ(G) than the mere inequality stated above? It turns out
that this is not the case in general, but in many classes of graphs that are well-structured, ω and
χ are tightly linked. Such classes are called χ-bounded and we will introduce them in a moment,
but we first argue that no relationship is to be expected in general by proving the following result.

Theorem 3. For each k∈N, there is a triangle-free graph with chromatic number at least k.

Note here that a graph G is triangle-free if and only if ω(G)6 2. Thus, Theorem 3 shows that
the gap in the inequality ω(G)6χ(G) can be unbounded.

We will give two proofs of Theorem 3. The first one is a classic, explicit construction of Mycielski.
The second one is a random construction of Erdős.

Definition 4. Let G be a graph. We define the Mycielski graph M(G) as follows:

• The vertex set of M(G) is
{s}∪{u,u′ : u∈V (G)}.

That is, for every u∈V (G) we add u and its copy u′, plus we add one fresh vertex s.
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• The edge set of M(G) is

{uv,uv′,u′v : uv ∈E(G)}∪{su′ : u∈V (G)}.

In other words, for every edge uv of G, we introduce three new edges to M(G): uv,u′v,uv′.
Moreover, the new vertex s is made adjacent to each copy u′.

2. Draw M(C5), where C5 is the cycle on 5 vertices.

3. Prove that for every graph G, we have:

• if G is triangle-free, then so is M(G); and
• χ(M(G))>χ(G).

Conclude Theorem 3 from these two assertions.

We now move the second, randomized proof. Here, we will work with the classic Erdős-Rényi
random graph distribution.

4. Let n> 1000 be an integer and p= 1
n2/3 . Let G be a random graph on n vertices, where each

edge is present independently with probability p. Prove the following assertions:

• The expected number of triangles in G is smaller than n/6.
• The probability that G has more than n/2 triangles is smaller than 1/3.
• For any fixed set A of at most k=n5/6 vertices, the probability that no two vertices of A
are adjacent is at most e−n/3.

• With probability at least 1/2, in G there is no set of at least n5/6 pairwise non-adjacent
vertices.

• With probability at least 1/2, we have χ(G)>n1/6.

Conclude Theorem 3 from these assertions.

We remark that the solution to Problem 4 can be generalized to a construction of a graph with
an arbitrary high chromatic number and no cycles of length at most `, for any fixed ` > 3. We
also say that such graphs have girth larger than `.

By Theorem 3, we know that there are graphs with clique number 2 and arbitrarily high chromatic
number. The constructions, however, are quite involved. Can we give some simple examples of
graphs where the clique number and the chromatic number do not coincide?

5. Compute ω(G) and χ(G) when G is equal to:

• C2k+1, where k> 2; and
• C2k+1, where k> 2.

Here, H is the complement of H, that is, the graph obtained from H by swapping the adjacency
and non-adjacency relations.

In the light of Problem 5, it is interesting to ask for a characterization of graphs G for which
ω(G) =χ(G). For this, we need the following definitions.

Definition 5. For a graph G and a subset of vertices A, the subgraph induced by A is the
graph G[A] with vertex set A, where two vertices are adjacent if and only if they are adjacent
in G. We say that G is H-free if G does not contain any subgraph isomorphic to H.

Definition 6. A graph G is perfect if for every induced subgraphH of G, we have ω(H)=χ(H).
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One might ask why in the above definition, we require the equality of the clique number and the
chromatic number in all induced subgraphs of G, and not in just G itself. The reason is that it
is very easy to turn any graph into a graph with the latter property: just add a huge clique, of
size larger than the vertex count. Thus, requesting only ω(G) =χ(G) is unlikely to expose any
structural properties of G. Closing the definition under induced subgraphs turns out to be much
more meaningful.

An induced cycle of length at least 4 is called a hole, while an induced complement of a cycle is
called an anti-hole. By Problem 5, we know that if G is perfect, then G cannot contain any odd
hole or odd anti-hole. Are these the only obstacles? Surprisingly, it turns out that yes.

Theorem 7 (Strong Perfect Graph Theorem). A graph is perfect if and only if it does not
contain any odd hole or anti-hole.

Theorem 7 was for a long time one of leading conjectures in graph theory (called the Berge
conjecture), until it was proved in 2006 by Chudnovsky, Robertson, Seymour, and Thomas [spgt].
The proof is long.

6. Using Theorem 7, prove the following statement: if G is perfect, then so is G.

The statement proved in Problem 6 is often called the Weak Perfect Graph Theorem. A direct
proof of it was given by Lovász in 1972 [LOVASZ2006867]. It is actually quite simple and
elementary, but we will not give it during this mini-course.

While Theorem 7 gives a precise characterization of perfect graphs, there are many, suprisingly
diverse classes of graphs that are perfect. In the next lectures we will explore some of them. How-
ever, the requirement of being perfect is a very strong structural assumptions, so it makes sense
to explore its different relaxations in order to capture a possibly weaker, but related structure.
Here is one relaxation we will be interested in, which was proposed by Gyárfás in [gyarfas].

Definition 8. A hereditary class of graphs C is χ-bounded if there exists a function f : N→N
such that ω(G)6 f(χ(G)) for all G∈C.

Here, a class of graphs is just a set of graphs closed under isomorphisms, and a class is hereditary if
it is closed under taking subgraphs. Thus, χ-boundedness relaxes perfectness by assuming that in
the inequality ω(G)6χ(G) we do not expect strict equality, but one parameter must be bounded
in terms of the other. Note that Theorem 3 shows that the class of all graphs is not χ-bounded.

2. Classes of perfect graphs

2.1. Interval graphs

We first work with the following class of graphs.

Definition 9. A graph G is an interval graph if with each vertex v∈V (G) one can associate a
closed interval Iv ⊆R on the real line so that vertices u and v are adjacent if and only if Iu and
Iv have a non-empty intersection.

Let us see some examples.

7. Which of the following graphs are interval graphs?
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• Path Pt.
• Cycle Ct.
• Complete graph Kt.
• Complete bipartite graph Kt,t.
• Co-bipartite half-graph Ht,t: vertex set consists of {u1, . . . ,ut}∪{v1, . . . ,vt}, and there are

edges uiuj , uivj , and vivj for all i< j.

Also, show that interval graphs are hereditary.

Interval graphs are a prime example of a graph class defined via intersection models. In this
setting, we require that with each vertex we can associate some object — in this case an interval
on the real line — so that the adjacency relation is defined by intersections of the associated
objects. By choosing different types of objects, we obtain different classes of their intersection
graphs.

We now prove that interval graphs are perfect.

8. Prove that if G is an interval graph with associated model {Iu : u∈ V (G)} and A is a clique
in G, then there exists x∈R such that x∈ Iu for all u∈A.

9. Prove that interval graphs are perfect.

2.2. Chordal graphs

Chordal graphs are an interesting generalization of interval graphs. Here, we work with trees: a
tree is a subset of the plane obtained by taking the union of a finite number of segments only
sharing endpoints, so that no cycle is formed. Naturally, a tree has subtrees, which are trees that
are contained in it.

Definition 10. A graph is chordal if it is the intersection graph of a family of subtrees of a
tree.

10. Prove that interval graphs are chordal.

We now show that a similar proof strategy as for interval graphs works for chordal graphs.

11. Suppose G is a chordal graph with associated model {Su : u∈V (G)}, where Su are subtrees
of a tree T , and A is a clique in G. Prove that there exists x∈T such that x∈Su for all u∈A.

12. Prove that chordal graphs are perfect.

Chordal graphs are also interesting, because they admit a very clean characterization through
forbidden induced subgraphs. Namely, we say that a graph is hole-free if it does not contain any
hole (an induced cycle of length at least 4), and we have the following.

Theorem 11. A graph is chordal if and only if it is hole-free.

We will now prove Theorem 11 through a series of problems.

13. Prove that every chordal graph is hole-free.

Definition 12. In a connected graph G, a minimal separator is a vertex subset A with the
following property: there are two vertices u,v /∈A such that u and v are in different connected
components of G−A, but they are in the same connected component of G−A′ for each proper
subset A′(A.
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14. Let G be a connected graph. Prove the following statements:

• If vertices u and v are distinct and non-adjacent in G, then there is a minimal separator A
in G such that u and v belong to two different connected components of G−A.

• If A is a minimal separator in G, then there are two components C,D of G−A such that
every vertex of A has both a neighbor in C and a neighbor in D.

15. Prove that in a connected hole-free graph, every minimal separator is a clique.

16. Prove that hole-free graphs are chordal.

2.3. Cographs

Next, we move to another interesting class of graphs. Here, P4 is a path on 4 vertices.

Definition 13. A cograph is a P4-free graph.

Let us see some examples and basic properties.

17. Which of the following graphs are cographs?

• Path Pt.
• Cycle Ct.
• Complete graph Kt.
• Complete bipartite graph Kt,t.
• Co-bipartite half-graph Ht,t.
• Bipartite half-graph Ht,t: vertex set consists of {u1, . . . ,ut}∪{v1, . . . ,vt}, and there are edges
uivj for all i< j.

Is there any inclusion between cographs and chordal graphs?

18. Prove that the complement of a cograph is a cograph.

The crucial point about cographs is that they admit a global structure, expressed through the
following decomposition result.

19. Prove that if G is a cograph with at least two vertices, then either G or G is disconnected.

Definition 14. A cotree of a graph G is a rooted tree T whose leaves are the vertices of G,
each internal node has two children, and the internal nodes come in two types — union nodes
and join nodes — so that the following condition holds: two distinct vertices u and v are adjacent
in G if and only if their lowest common ancestor in T is a join node.

20. Prove that a graph is a cograph if and only if it has a cotree.

We can now use this understanding to show the following.

21. Prove that cographs are perfect.

2.4. Comparability and co-comparability graphs

We will now work with two classes of graphs related to partial orders.
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Definition 15. A partially ordered set (poset) is a set X together with a relation 6 that is:

• reflexive (x6x for all x∈X);
• anti-symmetric (x6 y and y6x entails x= y); and
• transitive (x6 y and y6 z entails x6 z).

Note that two elements x,y ∈X may not be bound by the relation 6; that is, neither x6 y nor
y6x. Such elements are called incomparable, and otherwise x and y are comparable.

A set of pairwise comparable elements is a chain. A set of pairwise incomparable elements is
an anti-chain. A chain (resp. anti-chain) is maximal if no its proper superset is a chain (resp.
anti-chain).

Definition 16. A graph G is a comparability graph if there exists a poset on the vertex set
of G such that any two vertices x and y are adjacent in G if and only if they are comparable
in the poset. Co-comparability graphs are defined in the same way, except that vertices are
adjacent in the graph if and only if they are incomparable in the poset. Equivalently, a graph is
a co-comparability graph if its complement is a comparability graph.

22. Which of the following graphs are comparability graphs or co-comparability graphs?

• Complete bipartite graph Kt,t.
• Cycle Ct.
• Standard example St: vertex set consists of {u1, . . . ,ut}∪{v1, . . . ,vt}, and there are edges
uivj for all i 6= j.

Is there any relation between interval graphs and comparability or co-comparability graphs?

We now show that both comparability graphs and co-comparability graphs are perfect. Actually,
each of these results implies the other by the Weak Perfect Graph Theorem, but both can be
proved directly as well. Let us start with the simpler case, of co-comparability graphs.

23 (Mirsky’s Theorem). Prove that for each finite poset (X,6), the minimum number of anti-
chains into which X can be partitioned is equal to the maximum size of a chain in (X,6).
Conclude that comparability graphs are perfect.

We now move to the more difficult case.

24 (Dilworth’s Theorem). Prove that for each finite poset (X,6), the minimum number of chains
into whichX can be partitioned is equal to the maximum size of an anti-chain in (X,6). Conclude
that co-comparability graphs are perfect.

Let us make a short detour into an interesting graph class related to comparability and co-
comparability graphs.

Definition 17. Let `1, `2 be two distinct parallel lines in the plane. Permutation graphs are
intersection graphs of segments in the plane with one endpoint on `1 and second on `2.

25. Prove that a graph is a permutation graph if and only if it is both a comparability graph
and a co-comparability graph.

3. χ-bounded classes

We now move to the notion of χ-boundedness, recalled below.
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Definition 18. A hereditary class of graphs C is χ-bounded if there exists a function f : N→N
such that ω(G)6 f(χ(G)) for all G∈C.

The function f in the definition above is often called the χ-binding function of the class C.

3.1. Circular-arc graphs

Let us start with a simple example.

Definition 19. Circular arc graphs are intersection graphs of arcs on a circle.

26. Prove that every interval graph is a circular arc graph.

27. Prove that circular arc graphs are not perfect, but they are χ-bounded with χ-binding
function f(ω) = 2ω.

As proved by Gyárfás [gyarfas], the best possible bound in the above problem is f(ω) = b 3
2ωc.

3.2. Rectangle intersection graphs

We now move to another class of intersection graphs.

Definition 20. 2D box graphs are intersection graphs of axis-parallel rectangles in the plane.
Here, if one rectangle is contained in another, they are considered intersecting.

We now work our way towards proving the χ-boundedness of 2D box graphs. We do this in a few
steps. In the following, all rectangles are axis-parallel.

Definition 21. Two rectangles are vertex-piercing if one of them contains a vertex of the other.
A family of rectangles is non-vertex-piercing if it does not contain any pair of vertex-piercing
rectangles.

28. Let R be a family of rectangles and let G be the intersection graph of R. Prove that:

• For each R∈R, at most 4(ω(G)−1) other rectangles of R can contain a vertex of R.
• R can be divided into 8ω(G) non-vertex-piercing subfamilies.

29. Let R be a non-vertex-piercing family of rectangles. Prove that the intersection graph of G
is a comparability graph.

30. Prove that 2D box graphs are χ-bounded with χ-binding function f(ω) = 8ω2

The quadratic bound given in Problem 30 was proved in 1960 by Asplund and Grünbaum [AsplundG60].
An improvement to f(ω)=O(ω logω) was announced in 2020 by Chalermsook andWalczak [ChalermsookW20].
It is widely open whether a linear bound can be achieved.

On another note, it turns out that 3D box graphs are not χ-bounded. Also, intersection graphs of
segments in the plane (not necessarily axis-parallel) are not χ-bounded [PawlikKKLMTW14].
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3.3. Circle graphs

The next class is actually very important in areas of structural graph theory related to χ-
boundedness, for reasons far beyond the scope of this course. Intuitively, it is expected that
it serves the role of planar graphs in the analogue of the graph minors theory for dense graphs.

Definition 22. Circle graphs are intersection graphs of chords on a circle.

We will now work towards proving that circle graphs are χ-bounded, which probably will be the
most complex proof given during this course. For this, we fix some circle graph G and associated
intersection model {C(x) : x∈ V (G)}, where C(x) is the chord of a unit circle associated with
the vertex x. We may assume that chords in the model have pairwise different endpoints. We
also fix some reference point s on the circle, which is not an endpoint of any chord in the model.
For every vertex x∈V (G), let I(x) be the arc of the circle that has same endpoints as C(x) and
does not contain s. Observe that vertices x and y are adjacent in G if and only if I(x) and I(y)
overlap: they intersect, but it is not the case that one is contained in another. In the following,
all considered graphs are induced subgraphs of G, hence intersection models for them can be
naturally projected from the intersection model of G. We also denote ω :=ω(G).

The idea will be to partition G into smaller pieces that have a more well-behaved structure. To
facilitate this, we need some definitions.

Definition 23. A vertex partition of a graph G is a set of induced subgraphs of G whose vertex
sets form a partition of the vertex set of G.

Here are some examples:

• Partition of G into connected components is a vertex partition.
• Provided G is connected, for any vertex u∈V (G) we may partition the vertex set of G into
distance layers L0,L1,L2, . . ., where Li comprises all vertices at distance exactly i from u
in G. Then {G[L0],G[L1],G[L2], . . .} is a vertex partition of G.

In fact, we will use a combination of these two partitions.

Definition 24. Let H be a connected induced subgraph of G. We define a vertex partition
Refine(H) of H as follows:

• First, partition H into connected components.
• Next, for each connected component C of H, let uC be the vertex of C for which the

clockwise endpoint of I(uC) is the closest to s in the clockwise order. Then partition C
further into distance layers from uC .

For t∈N, we define Refinet(G) as follows: Refine0(G) :={G} and, for t>1, Refinet(G) is obtained
from Refinet−1(G) by applying Refine(·) to each part of the vertex partition.

We are interested in the partition P := Refineω(G). First, we observe that it suffices to give an
upper bound on the chromatic number of each part of P.

31. Prove that if χ(H)6 c for each H ∈Refine(G), then χ(G)62c. Conclude that if χ(H)6 c for
each H ∈P, then χ(G)6 2ω ·c.

The next observation is crucial: parts of H have an interesting structural property.
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32. Let H be a connected induced subgraph of G, and x,y be different vertices of H such that
I(y)⊆ I(x) and x,y belong to the same distance layer from uH , where uH is selected as in
the definition of Refine. Prove that there exists z ∈ V (H) such that C(z) intersects both C(x)
and C(y).

33. Let H ∈P, x∈ V (H), and Y ⊆ V (H)\{x} satisfy the following properties: I(y)⊆ I(x) for
each y ∈Y , but arcs {I(y) : y ∈Y } are pairwise disjoint. Prove that |Y |< 2ω−1.

From now on, we fix a part H ∈P. We let k := 2ω−2 and we observe that the following property
is implied by Problem 33: for every x∈ V (H), among vertices y ∈ V (H) satisfying I(y)⊆ I(x),
one cannot find more than k vertices with pairwise disjoint arcs I(y).

Let X comprise the vertices x of H with inclusion-wise maximal arcs I(x). For every y ∈V (H),
let x(y) be any vertex x∈X such that I(y)⊆ I(x). For each x∈X, let Hx :=H[{y : x=x(y)}].

34. Prove that χ(H[X])6ω. Conclude that if for every x∈X we have χ(Hx)6c, then χ(H)6ω·c.

Let us fix H ′=Hx for some x∈X; our aim is to give an upper bound on χ(H ′).

35. Prove that inH ′ there are no more than k vertices y with pairwise disjoint arcs I(y). Conclude
that H ′ can be vertex-partitioned into at most k parts so that within each part H ′′, the intervals
{I(y) : y ∈ V (H ′′)} pairwise intersect. Conclude that if χ(H ′′)6 c for each such part H ′′, then
χ(H ′)6 k ·c.

Thus, we fix one part H ′′ of the partition given by Problem 35, and we observe the following.

36. H ′′ is a permutation graph.

We are now able to wrap up the whole proof.

37. Prove that circle graphs are χ-bounded with χ-binding function f(ω) = 4ω ·ω2.

The χ-boundedness of circle graphs, with χ-binding function 4ω ·ω2, was first proved by Gyárfás
in 1985 [Gyarfas85, Gyarfas86]. This was subsequently improved, but the bound was still
exponential. In 2019, Davies and McCarty [DaviesC19] gave the first polynomial bound on a
χ-binding function for circle graphs: f(ω) = 7ω2.

3.4. Claw-free graphs

We now move on from considering intersection graphs to excluding forbidden substructures. The
first one is the claw.

Definition 25. A claw if the complete bipartite graph K1,3. A graph is claw-free if it does not
contain an induced claw.

38. Prove that ifG is claw-free, then every vertex ofG has degree smaller than
(
ω(G)+1

2

)
. Conclude

that claw-free graphs are χ-bounded with χ-binding function f(ω)6
(
ω+1

2

)
.

3.5. Pt-free graphs

Finally, let us consider Pt-free graphs, that is, graphs not containing a path on t vertices as
an induced subgraph. Recall that in Problem 21 we proved that cographs (P4-free graphs) are
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perfect. This conclusion does not extend to P5-free graphs, as witnessed by C5, but in the
following problem, we prove that for every t, Pt-free graphs are χ-bounded.

39. Let G be a connected Pt-free graph (t>5) with clique number ω, and suppose that every Pt-
free graph with clique number smaller than ω has chromatic number at most f(ω−1). Consider
the following iterative construction of a path u0−u1−u2−. . . and vertex subsets A1⊇A2⊇A3⊇. . .:

1. Pick u0 to be any vertex of G and let A1 be the vertex set of G with u0 and all its neighbors
excluded.

2. Let i> 1 and assume that u0,u1, . . . ,ui−1 and A1, . . . ,Ai−1 are already defined.
3. Among the connected components of G[Ai−1], let C be one with the largest chromatic

number.
4. Pick ui to be any vertex that is both adjacent to ui−1 and has a neighbor in C.
5. Set Ai to be the vertex set of C with all the neighbors of ui removed.

The construction stops when Ai becomes empty.

Prove the following statements.

• In step (4) of the construction, there is always a valid candidate for ui.
• The construction finishes after less than t steps.
• Assuming χ(G)> (t−1) ·f(ω−1), the following assertion holds for each i> 1:

χ(G[Ai])> (t−1− i) ·f(ω−1).

Conclude that Pt-free graphs are χ-bounded. What χ-binding function did you get?

The proof outlined above was proposed by Gyárfás [gyarfas] and is now commonly known as the
Gyárfás path argument. It is by far the most important tool when working with Pt-free graphs.
Here is another remarkable example of an application.

40. Prove that if G is an n-vertex Pt-free graph, then there exists a subset X consisting of less
than t vertices of G such that every connected component of G−N [X] (G with all the vertices
of X and their neighbors removed) has at most n/2 vertices.

4. Open problems

Research on χ-boundedness is currently one of leading directions in structural graph theory,
with a lot of concrete open problems to be attacked. We refer to a recent survey of Scott and
Seymour [ScottS18] for a detailed overview, but let us point out the most important directions.

Probably the central problem in the area is the Gyárfas-Sumner Conjecture, stated below. Note
that it is a generalization of χ-boundedness of Pt-free graphs.

Conjecture 1. For every forest T , the class of T -free graphs is χ-bounded.

It is known that the following weakening of the conjecture is true: for every tree T , the class of
all graphs excluding T and all its subdivisions as induced subgraphs is χ-bounded [Scott97].

Regarding excluding other graphs, Gyárfás conjectured that the class of graphs excluding all odd
holes is χ-bounded. This has been proved [ChudnovskySSS20], even if we forbid odd holes of
length at least `, for any fixed `. However, the following statement remains open.
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Conjecture 2. For every `∈N, the class of graphs that do not contain holes of ` consecutive
lengths is χ-bounded.

Recently, there has been a surge of interest in the notion of polynomial χ-boundedness, that is,
admitting a χ-binding function that is polynomial in ω. Curiously, we do not know any examples
that distinguish χ-boundedness from polynomial χ-boundedness, which gives rise to the following
provocative conjecture of Esperet.

Conjecture 3. Every hereditary graph class that is χ-bounded is in fact polynomially χ-
bounded.

Regarding concrete open question about polynomial χ-boundedness, recall that in Problem 39
we proved that Pt-free graphs are χ-bounded for every t ∈N, but the χ-binding function was
exponential in ω for t> 5. Getting a finer understanding of the case t= 5 is widely open.

Conjecture 4. The class of P5-free graphs is polynomially χ-bounded.

This conjecture is considered to be very difficult, because it would imply the Erdős-Hajnal Con-
jecture for P5-free graphs, which essentially states that in P5-free graphs the Ramsey numbers
are polynomial instead of exponential. This conjecture, and the particular the case of P5-free
graphs, is arguably among the most important open questions in structural graph theory.

It would be consistent with our knowledge if Pt-free graphs were polynomially χ-bounded for every
fixed t, but there are constructions showing that the degree of the polynomial in the χ-binding
function must grow with t [ChudnovskyPST13].
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Abstract

This handout presents projective geometry, that can be useful in olympiad geometry. It starts
with general affine and projective transformations (collineations) and cross ratios. Then it
shows how inversion is almost just a collineation of complex plane complex plane. At the end
it covers polar duality, a way to transform problem into completely different, but equivalent
problem.

1. Affinity

Preserve lines and ratios on them. They map ellipses to ellipses.

• All similarities (rotation, translation, homothethy, reflection)

• Shear transformation. Fix WLOG horizontal line and move any other point horizontaly.

• Squish transformation. Fix WLOG horizontal line and move any other point verticaly.

2. Projective plane

Before we start the real projective trickery, we need to augment our plane a little. For every line
direction we add one point at infinity. This gives us a nice propriety, that for every two lines,
there always exist exactly one point as their intersection. We place all these points at infinity on
one infinity line. Then we even have for every two points exactly one line, that passes through
them.

3. Perspectivity

3.1. Intuition

If you stand in nature and look at the horizon, you see an amazing phenomenon. All pairs
of parallel lines, such as road edges converge on horizon. Let us use this observation to solve
geometry :-).

Theorem 1. (Desargues Theorem) Let ABC and A′B′C ′ be two triangles in plane. Denote
X=BC∩B′C ′, Y =AC∩A′C ′, Z=AB∩A′B′. Then AA′, BB′, CC ′ are concurrent if and only
if X, Y , Z are collinear.

Proof. I’ll show just implication collinearity implies concurrency, as it’s nicer, but equivalence
can be proven by adjusting the proof a bit. First let’s draw a figure.

Now imagine, that line XY Z is horizon. What’s drawn on ground? As BC, B′C ′ meet at horizon,
they are parallel lines on ground, analogously AC ‖A′C ′ and AB ‖A′B′. Hence triangles ABC
and A′B′C ′ drawn on ground are homothethic, hence AA′, BB′, CC ′ are concurrent. �
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Figure 1: Desargues Theorem

This might look like cheating, but it’s not far from rigorous proof. You might ask what will we
do, when horizon passes "in the center" of configuration. Let’s look a bit more carefuly what
transformation have we done.

3.2. A bit more formal definition

Suppose, that we are working in 3D space, and we have plane, in which the figure is drawn, as
plane z= 1. Then apply any 3D rotation. After that project rotated plane back through origin
P into plane z= 1. Then the transformation of plane, that we got is the perspectivity we used to
solve Desargues Theorem. See, that the line, that is the intersection of rotated plane and plane
z = 0 gets mapped onto the infinity line. Hence to solve Desargues Theorem this way, we just
rotate the plane such that X, Y , Z lie in plane z= 0.

A

A′

C

C ′
B = B′

P

Figure 2: Projection of rotated plane into plane z= 1
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3.3. what to do with circles

Let’s take a look at the following problem.

1. (Radeczkow’s lemma) Let ω be a circle and P point outside of it. Points K, L lie on ω such
that PK and PL are tangents to ω. Points A, B, C, D lie on ω such that P , A, B are collinear
and P , C, D are collinear. Prove that AC, BD, KL are concurrent.

Proof. Let us see what happens, when we apply perspectivity that maps P into infinity. It
somehow squishes the circle into an ellipse (This is definitely not a trivial statement). So then we
can use affine transformation, to map such ellipse back into a circle. Hence we really can solve
this problem using projective WLOG A is at infinity. Then the problem is trivial.

Figure 3: Intuition behind Radeczkow’s lemma

We can do even more with this. Suppose, that we map line p through P into infinity. How did we
do that? We rotate our plane in 3D, such that p lies in z=0. This rotation is a rotation about an
axis parallel to p. Hence when we then project back through origin, we have (using homothethy)
preserved ratios on all lines parallel to p. Affine transformation we used after that does not affect
ratios, hence the complete transformation preserves ratios on lines parallel to p.

One more trick. Draw line ` perpendicular to p through the center of ω. Then all transformations
we use are symmetric about `, hence we preserve any symmetry about `.

3.4. Problems

2. (Butterfly theorem) Let AB be chord of circle ω and M the midpoint of AB. Let K1, L1 be
any two points on ω. Denote K2 the second intersection of K1M with ω. Analogously define L2.
Denote X =K1L1∩AB and Y =K2L2∩AB. Prove that |XM |= |YM |.
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3. Let points P , A, B lie on line in this order. Let p be line perpendicular to AB through A.
Let PX be tangent to circle with diameter AB (X lies on this circle). Denote Y =BX∩p. Prove
that PX passes through the midpoint of AY .

4. Let ABC be an isosceles triangle with base BC. On AB and AC choose points X and Y
such that BC ‖XY . Denote S the midpoint of XY and M the midpoint of BC. Let P be the
intersection of MX and CS. Prove that area of PMC is half of the area of ABC.

5. Let ABCD be a circumscribed quadrilateral. Denote K, L, M , N the touchpoints of it’s
incircle. Prove that KM , LN , AC, BD are concurrent.

6. Let ABCD be a circumscribed quadrilateral. Denote K, L, M , N the touchpoints of it’s
incircle. Prove that KL, MN , AC are concurrent.

7. Let ABC be a triangle and ω it’s incircle. Denote D the touchpoint of ω with BC. On line
AD choose point X such that it lies outside of ω. Tangents from X to ω meet line BC at K, L.
Prove that |BL|= |CL|.

8. Let ω be a semicircle with diameter UV . Let P , Q be any points on ω. Denote R the
intersection of tangents in P and Q to ω. Denote S=UP ∩V Q. Prove that SR⊥UV .

9. In triangle ABC denote D, E, F the incircle touchpoints. Let L be any point on AD inside
the incircle. Segments BL and CL cut the incircle in points X, Y . Prove that EF , BC, XY are
collinear.

10. Let M be the midpoint of AB in triangle ABC. On ray opposite MC choose point N and
on segment AM choose point P . Denote Q=AC∩NP , R=QM ∩NB and S=AB∩RC. Prove
that |PM |= |SM |.

11. Let A′ be the incircle touchpoint of BC in triangle ABC. Line AA′ intersects the incircle at
P . BC and CP intersect the incircle at M , N . Prove that BN , MC, AA′ are concurrent.

12. Denote M the midpoint of BC in triangle ABC. AM intersects the incircle of ABC at P ,
Q. Lines parallel to BC through P , Q intersect the incircle for the second time at X, Y . Lines
AX, AY intersect BC at K, L. Prove that |BK|= |CL|.

13. Let AC be fixed segment and B fixed point on it. Let ω be variable circle through AC.
Tangents to ω at A, C intersect at P . Segment PB intersects ω at Q. Angle bisector of AQC
intersects AC at R. Prove that ratio |AR|/|RC| does not depend on ω.

14. Let ABCD be quadrilateral such that ∠ABD=∠ACD. Point P lies on BD such, that
∠PAD= 90◦. Analogously Q lies on AC such, that ∠QDA= 90◦. Denote X =AC ∩BD and
Y =PC∩BQ. Prove that XY is perpendicular to AD.

4. Cross ratio (Double ratio)

4.1. Definition

In this section, we take a look at how to measure in projective worlds. We will use [ABC] as
the notation for directed area of triangle ABC. We want to have some expression, that allows
moving points on lines through origin without changing its value.
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At first, suppose, that we have two triangles sharing a side PAB and PBC. And we look at
value of V = [PAB]/[PBC]. What happens to V , when we move B along line PB. As it just
multiplies both [PAB] and [PBC] by the same constant, the value of V does not change. But
we cannot move A nor C. So lets add more triangles, to form a cycle of alternating "numerator"
and "denumerator" triangles. Then we get

V =
[X1PX2] · [X3PX4] · · · [Xn−1PXn]

[X2PX3] · [X4PX5] · · · [XnPX1]

P

X1

X2

X3
X4

X5

X6

Figure 4: Alternating triangles

For this construction to work, we need even number of triangles. But see, that two is not enough.
So normally projective geometry works with four. Then when we have four lines PA, PB, PC,
PD we define their cross ratio as

(A,B,C,D)P = [APB] · 1

[BPC]
· [CPD] · 1

[DPA]

And as we saw, this a a propriety of the four lines PA, PB, PC, PD, because it does not matter
how we move points A, B, C, D along their respective lines. Hence denote a= PA, b= PB,
c=PC and d=PD. Then we define cross ratio of four concurrent lines as

(a,b,c,d) = (A,B,C,D)P

Now suppose, that points ABCD are collinear. Then all these triangles share height h, hence

(A,B,C,D)P =
[APB] · [CPD]

[BPC] · [DPA]
=
AB ·h ·CD ·h
BC ·h ·DA ·h

=
AB ·CD
BC ·DA

This is an expression, that does not deppend on P , hence we can define cross ratio of four collinear
points ABCD as

(A,B,C,D) = (A,B,C,D)P

for any point P not on line ABCD.

Fact 2. With point at infinity cross ratio is just a ratio.

(A,B,C,D) =−|AB|
|BC|

Observation 3. For cross ratio these equalities hold.

(1)

(a,b,c,d) =
1

(b,c,d,a)
= (c,d,a,b) =

1

(d,a,b,c)
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(2)

(a,b,c,d) =
1

(a,d,c,b)

Lemma 4. (Projecting lemma) Let W , X, Y , Z be collinear points and A, B, C, D be collinear
points such that lines AW , XB, Y C, ZD concur. Then (A,B,C,D) = (W,X,Y,Z).

Projecting lemma is so important, that it has it’s own notation. If P is the point of concurrency,
then we write usage of this lemma as

(A,B,C,D)
P
=
∧

(W,X,Y,Z)

Lemma 5. (Uniqueness) LetA, B, C,X, Y be collinear points such that (A,B,C,X)=(A,B,C,Y ),
then X =Y .

4.2. Cross ratio on circles

Suppose we have points A, B, C, D, P , Q on one circle. Then as cross ratio of lines depends
only on angels between them, we see, that (A,B,C,D)P = (A,B,C,D)Q. So we define cross ratio
of four concyclic points A, B, C, D as

(A,B,C,D) = (A,B,C,D)P

for any point P on the same circle. Note that we can extend projecting lemma to project onto
and from circles. We only need a condition, that P lies on such circles.

Lemma 6. Pespectivity preserves all cross ratios.

Remark 7. There exists a generalization of perpectivities. It’s called collineation and it’s any
transformation, that preserves lines. That also implies that it preserves cross ratio. Hence it’s
just categorization of all transformations we have worked with and their compositions. It is just
perspectivity, where we allow not just rotation, but any linear transformation of 3D space.

4.3. Usefull projective WLOGs

(1) For every triangle with incircle, there exists exactly one collineation fixing such incircle and
mapping ABC to any other triangle.

(2) Item above works even if we don’t have incircle, but circumcircle.

(3) For any cyclic quadrilateral, there exists a unique collineation fixing it’s circumcircle and
mapping it into rectangle.

(4) For any circumscribed quadrilateral, there exists a unique collineation fixing it’s incircle
and mapping it into rhombus.

(5) For any four points ABCD in general position, there exist unique collineation mapping
them to any other four points.
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4.4. Problems

15. (Pascal theorem) Denote A, B, C, D, E, F any 6 points on a circle. Denote P =BA∩DE,
Q=DC∩FA, R=EF ∩BC. Then P , Q, R are collinear.

16. Let ABC be a triangle, ω it’s circumcircle and M any point in the plane. Line through M
cuts CB, CA, AB at A1, B1, C1. Lines AM , BM , CM intersect ω at A2, B2, C2. Prove that
A1A2, B1B2, C1C2 are concurrent.

17. (Pappus theorem) Let p,q be given lines. Points A1, B1, C1 lie on p and points A2, B2, C2

lie on q. Denote X=A1B2∩B1A2, Y =A1C2∩C1A2 and Y =B1C2∩C1B2. Prove that X, Y , Z
are collinear.

18. Let ABCD be a quadrilateral. Denote M1 any point on AB. Let M2 be projection of M1

through D onto BC. Let M3 be projection of M2 through A onto CD. M4 is the projection of
M3 through B onto DA, M5 is the projection of M4 through C onto AB. Analogously define up
to M13. Prove that M13 =M1.

5. Let’s go complex

5.1. cross ratio

As we have cross ratio of four collinear points A, B, C, D defined as

(A,B,C,D) =
AB ·CD
BC ·DA

we can wewrite this into the complex numbers, as AB is just (B−A) to get complex cross ratio

(A,B,C,D) =
(B−A) ·(D−C)

(C−B) ·(A−D)

But now we don’t have to work just with collinear points. See that four points A, B, C, D have
real value of complex ratio if and only if they are collinear or concyclic. It’s because these complex
numbers (B−A)

(C−B) ,
(D−C)
(A−D) must have the same angle with real axis, which is the same condition as

condition for concyclicity. Because of this propriete, we categorize lines and circles together and
call them clines.

5.2. Möbius

We will look at complex transformations, that preserve complex cross ratio.

(1) Translations: f(x) =x+c

(2) Spiral similarities: f(x) = cx

(3) Complex inverse: f(x)=1/x. This is easily obtained replacing x for 1/x in formula for cross
ratio and simplifying.
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All these and their compositions form a class of transformations called Möbius transformations
as they preserve cross ratio. Hence all Möbius transformation have form

f(x) =
ax+b

cx+d

This can be viewed as the same thing as collineation, as first we apply some linear transform
ax+b and then divide/project by something linear cx+d.

Corollary 8. As Möbius transformation preserves cross ratio and cros ratio is real if and only
if 4 points lie on one cline, Möbius transformation maps clines to clines.

Corollary 9. As even complex cross ratio is unique, Möbius transformation is unique if we
know images of three points.

5.3. Inversion

Look at complex inverse f(x) = 1/x. This maps point on line through origin onto line reflected
by real axis. Hence we could try compositing it with reflection by real axis to get a nicer trans-
formation. To get more variability we will also compose it with homothethy to get inversion:

f(x) =

(
k

x

)
where k is nonzero real number and it’s called the coefficient of such inversion. We also move
origin into any point we desire and call this point the center of such inversion.

Corollary 10. Inversion maps clines to clines.

Corollary 11. Composition of two inversions is Möbius.

Corollary 12. Inversion maps line through origin onto themselfs and circles through origin
onto lines.

Lemma 13. For every circle ω and point P not on it, there exists an inversion centered at P
that for every line ` through P that intersects ω in A, B maps A 7→B. For proof draw diameter of
ω through P and choose radius, such that it works when this diameter is `. Then use symmetry
and that inversion preserved clines.

Remark 14. Coefficient in the previous lemma needed for point P is also called the power of
a point P to the circle ω.

Claim 15. Complex cross ratio on circles coincides with real cross ratio on circles.

Proof. From definition they coincide on lines. Use inversion to preserve complex cross ratio and
map it onto a circle. See, that this mapping is exactly the same as how we defined projecting
real cross ration onto a circle.

Theorem 16. Best Inversion Lemma (BIL). Let A be a point, k a cline and B inversion image
of A in k. Then apply any inversion f to plane, to get A′, k′ and B′, then B′ is inversion image
of A′ in k′.

Proof. Define gk the inversion by k and g′k the inversion by k′. Then look at two transformations:
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f

f

gk

gk′

A

B

B′

A′

k

k′

Figure 5: BIL figure

(1) α(X) = f(gk(X)).

(2) β(X) = g′k(f(X)).

Both of these are compostions of two inversions, hence they are Möbius transformations. These
transformations coincide on any point on k, hence they are equal.

5.4. problems

19. Let ω be a circle with center O, and A point outside of ω. Circle δ with center A and radius
AO intersects ω at P , Q. Denote A′ inverted A around ω. Prove that PQ is bisector of A′O.

20. In triangle ABC let ω be circle with center A and radius AB. Let D be the inversion of C
in ω. Denote X the reflection of A around DB. Let O be inverse of X in ω. Prove that O is the
center of ABC.

21. Let ABPC be harmonic quadrilateral. Denote ω circle passing through A touching BC at B.
Analogously Ω is circle passing through A touching BC at C. Denote X the second intersection
of ω and Ω. Prove that BC is the bisector of XP . [hide=Hint]Invert through A[/hide]

6. Polar duality

For motivation and definitions look at my article about polar dulity, here are the same prob-
lems as in that article. https://www.awesomemath.org/wp-pdf-files/math-reflections/
mr-2020-03/mr_3_2020_polar_duality.pdf

6.1. problems

22. (Isogonal Line Lemma) Let AS and AT be isogonals in ∠BAC. Denote P =CT ∩BS and
Q=CS∩BT . Prove that AP and AQ are isogonal in ∠CAB.
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23. Let ABCD be a convex quadrilateral. Let lines AB and CD meet at E, AD and BC meet
at F . Suppose X is a point inside the quadrilateral such that ∠AXF =∠EXC. Prove that
∠AXB+∠CXD= 180◦.

24. Let p, q be two non-parallel lines. Denote A= p∩q. Choose an arbitrary point B that does
not lie on p, q. Then consider a variable point X on the the line p, let Y be a point on q such
that |∠XBA|= |∠ABY |. Prove that lines XY all pass through a fixed point.

25. (Blanchet) Let ABC be a triangle and D the foot of A-altitude. Let E, F be points on sides
AC, AB such that lines BE, CF and AD are concurrent. Prove that |∠EDA|= |∠FDA|.

26. In parallelogram ABCD denote F point such that |∠CDF |= |∠CBF |. Prove that |∠FCB|=
|∠FAB|.

27. Let ABC be a triangle and I its incenter. Let P be a point on BI and Q point on CI, such
that |∠PAC|= |∠QAB|. Prove that lines PB, QC and AI are concurrent.

28. Let ABC be a triangle such that |∠BAC|= 120◦. Denote AD, BE, CF the bisectors of the
interior angles of ABC. Points D, E, F lie on sidelines of ABC. Prove that |∠EDF |= 90◦.

29. Let ABCD be a convex quadrilateral. Suppose that circles with diameters AB and CD
intersect at points X, Y . Denote P =AC∩BD and Q=AD∩BC. Prove that points P , Q, X,
Y are concyclic.

30. (Jacobi) Let ABC be a triangle. Let P , Q, R be points not on its sides, such that |∠PAB|=
|∠CAQ|, |∠ABP |= |∠RBC| and |∠BCR|= |∠QCA|. Prove that AR, CP and BQ are collinear.

31. (2012 USAMO Day 2 #5) Let P be a point in the plane of 4ABC, and γ a line passing
through P . Let A′,B′,C ′ be the points where the reflections of lines PA,PB,PC with respect
to γ intersect lines BC,AC,AB respectively. Prove that A′,B′,C ′ are collinear.

32. Let ABC be an acute triangle and P a point inside. Denote A0 point on ray CB, such that
|∠PCB|= |∠A0PB|. Denote B0 point on ray AC, such that |∠PAC|= |∠B0PC|. Denote C0

point on ray AB such that |∠BAP |= |∠BPC0|. Prove that A0, B0, C0 are collinear.

33. (Miquel point) Consider four lines a, b, c, d. They form four triangles. Then the circumcircles
of those triangles pass through a single point.

34. Let ABCD be a quadrilateral and M the Miquel point of lines AB, BC, CD, DA. Denote
P =AB∩CD and Q=CB∩DA. Then

(1) M lying on PQ is equivalent to ABCD being concyclic.

(2) |∠AMB|= |∠CMD|.

35. (Simson line) Let ABC be a triangle and P a point on its circumcircle on the arc BC not
containing A. Denote a, b, c the sides of triangle. Then the feet of perpendiculars from P to a,
b, c are collinear. Denote the feet X, Y , Z respectively. Then X is the midpoint of Y Z if and
only if the quadrilateral ABPC is harmonic.

36. Let ABC be a triangle and P point on its circumcircle. Denote C1 point on AC such that
C1P ⊥CP . Analogously B1 point on AB such that B1P ⊥BP . Line B1C1 intersects BC at point
X. Prove that midpoint of PX lies on the Simson line of P with respect to ABC.
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37. Let ABCD be a cyclic quadrilateral. Denote M its Miquel point and P the intersection of
AC and BD. Reflect M to M1, M2, M3, M4 across lines AB, BC, CD, DA. Prove that M1,
M2, M3, M4 and P are collinear.

38. Let ABCD be a cyclic quadrilateral. Denote P point on its circumcircle. Denote `1, `2, `3,
`4 denote Simson lines of P with respect to ABC, BCD, CDA, DAB respectively. Reflect P
over `i to get Pi. Prove that all four points Pi lie on one line.

39. Let ABC be a triangle with ω being its incircle and I its incenter. Denote p line tangent to
ω different from AB, BC, CA. On p denote A0, B0, C0 points, such that |∠AIA0|= |∠BIB0|=
|∠CIC0|= 90◦. Prove that lines AA0, BB0, CC0 are concurrent.

40. Let ABC be a triangle with incenter I. Denote p line AC reflected around BI. Analogously
q is line AB reflected around CI. Denote G= p∩q. Prove that GI ⊥BC.

41. Let ABCD be cyclic circumscribed quadrilateral, with incenter I and circumcenterO. Denote
P =AC∩BD. Prove that P , I, O are collinear.

42. Let ABCD be a cyclic quadrilateral with circumcircle ω. Denote P =AC∩BD, Q=BC∩DA
and R=AB∩CD. Then the triangle PQR is self-polar with respect to ω. In other words, PQ=R′,
QR=P ′ and RP =Q′ under the duality with respect to ω.

43. Let ABC be a triangle and I its incenter. Denote D, E, F the tangency points of incircle
with lines BC, AC, AB respectively. Denote S=EF ∩BC. Prove that SI ⊥AD.

44. Let ABCD be circumscribed quadrilateral with incenter I. Denote P =BC∩AD and Q=
AB∩CD. Denote M the perpendicular projection of I onto PQ. Prove that |∠DMI|= |∠BMI|

45. Let ABC be an acute triangle with orthocenter H. Inside of ABC there is a point P . Denote
B0 the point on AC such that B0H⊥BP . Analogously, denote C0 on AB such that C0H⊥CP .
Prove that PH ⊥C0B0.

46. Let ABC be a triangle and H its orthocenter. Then let D, E, F be points on lines BC,
AC, AB, such that AD, BE, CF are concurrent. A perpendicular to DH passing through A
intersects BC at A0. Analogously, a perpendicular to EF through B intersects AC at B0 and a
perpendicular to FH through C intersects AB at C0. Prove that A0, B0, C0 are collinear

47. Let ABC be a triangle with orthocenterH. DenoteMa the midpoint of BC,Mb the midpoint
of AC and Mc the midpoint of AB. Denote Xa the intersection of ray MaH with circumcircle of
ABC. Denote Ya the intersection of AXa with BC. Analogously construct point Xb, Xc and Yb,
Yc. Prove that Ya, Yb, Yc are collinear.

48. Let ABC be a triangle with orthocenter H. On side BC choose point D. Line through H
perpendicular to DH intersects lines AB and AC at points K, L. Prove that |KH||HL| = |BD||DC| .

49. Let ABC be a triangle with orthocenter H. On AC choose point B′, such that |∠AHB′|=
|∠ABC|. Analogously on AB point C ′, such that |∠AHC ′|= |∠ACB|. Prove that B′C ′ ‖BC.

50. Denote D, E, F the feet of altitudes in ABC. Denote M the midpoint of BC. Line
EF intersects BC at X. Prove that line perpendicular to XA through M passes through the
orthocenter of ABC.

51. (Droz-Farny) Let ABC be a triangle with orthocenter H. Lines p, q are perpendicular to
each other and both pass through H. line p intersects BC at A0, AC at B0 and AB at C0.
Analogously line q intersects BC at A1, AC at B1 and AB at C1. Prove that midpoints of
segments A0A1, B0B1 and C0C1 are collinear.
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52. Let ABC be a triangle, H its orthocenter and M the midpoint of BC. Let K be the
intersection of ray MH with circumcircle of ABC. Line parallel to BC passing through H
intersects AK att X. External angle bisector of BHC intersects BC at Y . Denote S the
midpoint of arc BC of circumcircle of ABC not containing A. Prove that SH ⊥XY .

53. Let H be the orthocenter in a triangle ABC. External angle bisector of BHC intersects
BC at X. Internal angle bisector of AB intersects AB at Y and internal angle bisector of AHC
intersects AC at Z. Prove that X, Y , Z are collinear.
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Polynomials
Paweł Gadziński

1. Definition of the polynomial

Definition 1. Polynomial P is the expression of the form

P (x) = anx
n + an−1x

n−1 + ...+ a1x+ a0,

for some a0, ...,an ∈R, where R is a ring. We call the set of all these polynomials as R[x].

Remark 2. During these classes we will talk only about R=R, Z, C.

Theorem 3. Let P and Q be the polynomials of degree at most n. Then if there exists pairwise
distinct numbers x1, x2, ..., xn, xn+1 that P (xi) =Q(xi) for n+1> i> 0, then P (x) =Q(x) for
every x.

Theorem 4. If P (x) =Q(x) for every x, then P and Q has the same roots and coefficients.

1. ? Let a,b,c,d be real numbers, such that ab= cd and a+b= c+d. Prove that {a,b}= {c,d}.

Theorem 5. (Vieta’s formulas) For any polynomial P defined as is 1.1 with roots r1, ..., rn we
have

r1 +r2 + ...+rn =−an−1

an
,

r1r2 +r2r3 +r3r1 + ...+rirj+ ...+rn−1rn =
an−2

an
,

....

r1 ·r2 · ... ·rn = (−1)n
a0

an
.

2. ? Prove that if real numbers a,b,c satisfy{
abc= 1
1
a + 1

b + 1
c = a+b+c.

one of a,b,c is equal to 1.

3. ?? Let a1, a2, a3, ..., an, b1, b2, b3, ..., bn be the pairwise distinct real numbers. In the cell of
the n×n board with coordinates (i, j) we write number ai+bj . Prove that if the products of the
numbers in each column are equal, products of the numbers in each row has these property too.

4. ??? Let n∈N. Evaluate
(
n
0

)2−(n1)2 +
(
n
2

)2− ...+(−1)n
(
n
n

)2.
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2. Complex roots

Theorem 6. (Fundamental theorem of algebra)
Let P ∈C[x] be the polynomial of the degree n. Then P has exactly n complex roots ⇐⇒ it can
be expressed in the form

P (x) = a(x−α1)(x−α2) · ... ·(x−αn)

for some complex numbers a,α1, ...,αn.

Remark 7. We can express P in the following form

P (x) = a(x−α1)γ1 · ... ·(x−αt)γt ,

where αi are pairwise distinct. If αi> 2, then we say that αi is a multiple root.

5. ? Let P be the polynomial that P (x) = P (x+1) for every real number x. Prove that P is
constant.

6. ? Prove that if P (a) = 0, then P (a) = 0.

7. ? Let P,Q,R∈R[x] be the polynomials, that

P (x)2 ·Q(x) =R(x)2.

Prove that there exists polynomial T ∈R[x], that Q(x) =T (x)2.

8. ???? Find all polynomials p(x) with real coefficients that have the following property: there
exists a polynomial q(x) with real coefficients such that

p(1)+p(2)+p(3)+ · · ·+p(n) = p(n)q(n)

for all positive integers n.

3. Division of polynomials

Theorem 8. Let P (x),Q(x) be the polynomials, such that degQ= d. Then, there exists poly-
nomials G(x),H(x), that

P (x) =G(x)Q(x)+H(x),

and degH(x)<d.

Theorem 9 (Bezout). If P (α) = 0, then we can express P (x) = (x−α)Q(x).

Theorem 10. Let P (x) and Q(x) be the polynomials. We say that P is divisible by Q if there
exist such polynomial R that P (x) =Q(x)R(x).

9. ?
1. Prove that x3 +1 and x2 +1 are coprime.
2. Determine residue of polynomial x4 +2x divided by x2 +1.

10. ? Polynomial P has no multiple roots. Prove that polynomial P is divisible by polynomial Q
if and only if for every α that Q(α) = 0, also P (α) = 0.
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Theorem 11. Every polynomial P ∈R can be expressed as a product of a real polynomials of
degree at most 2.

11. ?? Let n> 1 be integer. Prove that the polynomial x3n−1 +x+1 is divisible by x2−x+1.

Definition 12. We call two polynomials P,Q∈R[x] coprime if there not exist such α that
P (α) =Q(α) = 0.

Theorem 13. (Euler Algorithm) If P,Q are coprime polynomials with degree n, we can find
polynomials A,B with degree at most n−1, that

A(x)P (x)−B(x)Q(x) = 1.

12. ????We know that P (P (x))=R(x)2 for some P,R∈R[x]. Prove that P (x)=H(x)2 for some
H ∈R[x].

4. Integers

Theorem 14. Let P be the polynomial with integers coefficients. Then for every two integers
such that a 6= b

a−b
∣∣f(a)−f(b).

Theorem 15. Let G(x)=anx
n + an−1x

n−1 + ...+ a1x+ a0, such that a0, a1, ..., an are integers.
Then if for some coprime integers p,q holds G

(
p
q

)
= 0, then p

∣∣a0 and q
∣∣an.

13. ? Let a,b,c be three distinct integers. Prove that there does not exist a polynomial P (x)
with integer coefficients such that

P (a) = b, P (b) = c, P (c) = a.

14. ?? Determine all polynomials P ∈Z[x], that P (x) is a prime number for every integer x.

15. ?? Determine all polynomials P ∈Z[x] that for every n∈Z+ number 2n−1 is divisible by
W (n).

16. ?? Let a,b,c be nonzero integers such that both a
b + b

c + c
a and a

c + c
b + b

a are integers. Prove
that |a|= |b|= |c|.

Lemma 16. For every P ∈Z[x] there exist infinitely many primes p, that p divides P (x) for some
x∈Z.

17. ??? Polynomial P of degree n satisfies P (i) = 2i for i= 0,1, ...,n. Evaluate P (n+1).

18. ????? Let a be the nonzero real number such that numbers ak + 1
ak

and ak+1 + 1
ak+1 are

rational. Prove that the number a+ 1
a is rational too.

5. Derivative

19. ? Let P (x)∈R[x]. Prove that if P (α) = 0 and P ′(α) = 0, then (x−α)2
∣∣P (x).
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20. ? Let F (x) be the monic (a polynomial with leading coefficient 1) and irreducible polynomial
of integer coefficients. Then there exist polynomials A(x),B(x) with integer coefficients and
integer c that

A(x) ·F (X)+B(x) ·F ′(x) = c.

21. ????? Determine if there exist irreducible, non-zero and monic polynomial P ∈Z[x], that
for every integer n there exist integers a,b> 1 that P (n) = ab.

22. ? ? ?? Determine whether there exist non-constant polynomials P (x) and Q(x) with real
coefficients satisfying

P (x)10 +P (x)9 =Q(x)21 +Q(x)20.

6. Differential polynomial

Definition 17. Let P be the polynomial. We say that the polynomial ∆(P (x))=P (x+1)−P (x)
is a differential polynomial.

23. ? Prove that deg∆(P ) = degP −1.

24. ?? Let P (x)∈R[x], such that P (x) is not an integer for finitely many natural number. Prove
that P (n)∈N for every n∈N.

25. ? ? ? Prove that every polynomial with real coefficients can be written as a sum of 2019
polynomials being 2019-th powers of polynomials with real coefficients.

7. Darboux property

Theorem 18. Let P ∈R[x]. There exist a,b that P (a)< 0 and P (b)> 0. Then there exist
c∈ (a,b) that P (c) = 0.

26. ??? Let P be the polynomial P (x) = (x−1)2(x−2)2 · ... · (x−n)2 +1. Prove that there not
exist such polynomials A,B with integer coefficients that P (x) =A(x)B(x).

27. ?? Let P , Q be real polynomials that P (Q(x)) =Q(P (x)). Prove that if there not exist such
x that P (x) =Q(x), then there not exist such x that P (P (x)) =Q(Q(x)).

28. ??? Let α be a real number. Determine all polynomials P with real coefficients such that

P (2x+α)6 (x20 +x19)P (x)

holds for all real numbers x.

8. Miscellaneous Problems

29. ? Determine if there exist integer polynomial P of degree 100, that numbers

P (n),P (P (n)),P (P (P (n))), ...

are pairwise coprime.
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30. (IMO SL 2005) ?? Let a, b, c, d, e, f be positive integers and let S = a+ b+ c+d+e+f .
Suppose that the number S divides abc+def and ab+ bc+ ca−de− ef −df . Prove that S is
composite.

31. ??? Determine whether there exists integer polynomial P , such that

P (1+
3
√

2) = 1+
3
√

2 and P (1+
√

5) = 2+3
√

5.

32. ??? Prove that any monic polynomial of degree n with real coefficients can be written as the
average of two monic polynomials of degree n with n real roots.

33. ???? Let P,Q,R be polynomials of degree at least 1 with integer coefficients such that for
any real number x holds: P (Q(x)) =Q(R(x)) =R(P (x)). Show that the polynomials P,Q,R are
equal.

34. ???????? Let S be the infinite set of the positive integers. Prove that there exist integers
a,b,c∈S that abc+1 is not a square of an integer.
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101 Things to do with Induction
Sarah Gleghorn

Abstract

In this class, we’re going to be looking at the question of where we can use induction as a
proof technique. Along the way, we’re going to be considering structures you might not have
seen before, such as the ordinal numbers and posets, and seeing a range of examples of what
induction can help us prove.

1. Mathematical Induction

Theorem 1 (The Principle of Mathematical Induction). If we know that

(a) A statement, P (n) holds true for n= a, and

(b) If P (n) is true, P (n+1) is also true

then P (n) holds for all n≥ a.
Theorem 2 (Strong Induction). If we know that

(a) A statement, P (n), holds true for n= a, and

(b) If P (k) is true for all k≤n, P (n+1) is also true

then P (n) holds for all n≥ a.
1. Every number has a unique prime factorisation.

Question 3. What about the natural numbers allows us to induct on them?

1.1. Extra Problems

2. Prove that, for all pairs of numbers m,n, there are values x,y such that mx+ny= gcd(m,n).

3. Nim is a game where you start with multiple piles of counters, each of which could contain
any number of counters. On their turn, a player removes any positive number of counters from
exactly one pile. The person who takes the last counter wins.

(a) Consider all different starting positions that have 2 piles of counters. Which player has a
winning strategy?

(b) Can you prove who has a winning strategy for any number of piles?

4. There are finitely many lines in the plane, dividing the plane in to regions. Prove that these
regions can be coloured in two colours so that every adjacent region can be coloured different
colours.

5. If you’ve seen graph theory, the following are also proofs by strong induction:

(a) Prove that every connected graph has a spanning tree.

(b) Prove Euler’s formula for planar graphs.
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2. What if we want to go bigger?

Definition 4 (Ordinals, informal). We let 0 = {}= ∅ and, to generate larger ordinals:

(a) To create a successor ordinal, α+1, from an ordinal α, we take α+1 =α∪{α}.

(b) To create a limit ordinal, like ω, we take the union of all smaller ordinals.

Remark 5. When we’re talking about sets, most reasonable operations on sets (union, powerset,
using functions to specify elements) will produce a new set.

Definition 6 (Well-order). A binary relation, R, on a set, S, is a well-order if

• For all elements x,y ∈S, xRy or yRx.

• Every subset A⊆S contains a minimal element x (an element such that for all y∈A, xRy.)

Definition 7 (Ordinals, formal). A set is an ordinal iff

• ∈ is a well-order on S

• It’s transitive (y ∈S and z ∈ y implies z ∈S)

Remark 8. There can be no set of all ordinals as this would then be an ordinal and no set can
contain itself.

Theorem 9 (Transfinite Induction). If for some property P you have

(a) P (0) holds

(b) P (α) =⇒ P (α+1)

(c) P (alpha) for all α<β (for β a limit ordinal) implies P (β)

then the property is true for all ordinals.

6. Every ordinal can be written (uniquely) as the sum of a limit ordinal and a finite ordinal.

Theorem 10 (Transfinite Recursion, informal). Say you want a function, f , from the set of
ordinals less than a given ordinal to another set satisfying a property P . If you have

(a) A value for f(0)

(b) If you have a function from ordinals up to α for which P holds, you can extend the function
to ordinals up to α+1.

(c) If you have such functions defined for all α<β, where they all agree on each value, you can
find a function up to β which also agrees on all values.

then you can find such a function.

7. Every well-ordered set has an order type (aka. there is an order preserving bijection between
it and an ordinal).
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8. Prove that there exists a subset of R2 such that every real number appears as the distance
between 2 points in the set exactly once.

Theorem 11 (Well-ordering Principle). For every set there is a relation R such that R is a
well-ordering on S.

Theorem 12 (Axiom of Choice). Every family of non-empty sets has a choice function.

Theorem 13. The Axiom of Choice is equivalent to the Well-ordering Principle.

9. Prove that the well-ordering principle implies the axiom of choice.

Theorem 14 (Hartog’s Lemma). For all sets S there’s always an ordinal, α, such that there’s
no injection from α to S.

10. Prove that the axiom of choice implies the well-ordering principle.

11. Have another go at problem 8.

12. Prove that there exist solutions to the functional equation f(x+y)=f(x)+f(y) that are not
of the form f(x) = cx for some constant c.

2.1. Extra Problems

13. Starting with a rooted tree, we can play the Hydra game. When we cut off one ’head’ of the
tree, we move down to the next node before it and grow 3 copies of what we just cut off. We win
when we can remove the whole tree. When can we win?

14. In class we proved that f(x+y) = f(x)+f(y) (taken over R) had solutions that were not of
the form f(x) = cx. How could you extend this to prove that every vector space has a basis?

15. Prove that there’s a set of points in R2 such that it intersects every line in the plane in
exactly 2 points.

Error in Hydra Problem: The example I gave when explaining the Hydra problem last class was
not correct. When you are removing a node, these must be at the end of the branch. You then
move down 2 nodes and regrow everything in the subtree you just came from 3 more times. Here
are some images for illustrative purposes.

Figure 6: What happens if you remove one of the heads neighbouring the base.

When can you remove all the heads?
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Figure 7: Here is what happens when you try to remove one of the top two heads.

2.2. An Aside on Zorn’s Lemma

Definition 15 (Poset). We call a binary relation R taken over a set S a partial order if it is

• Transitive (if aRb and bRc then aRc)

• Reflexive (xRx for all x∈S)

• Anti-symmetric (xRy and yRx implies x= y)

We call the ordered pair (S,R) a poset.

Remark 16. Sometimes the reflexive condition is dropped to create a strict partial order.

Theorem 17 (Zorn’s Lemma). If every chain in a poset has an upper bound then the poset
has a maximal element (an element such that no element is larger).

Theorem 18. Well-ordering principle is equivalent to Axiom of Choice is equivalent to Zorn’s
Lemma.

16. Use Zorn’s Lemma to prove that f(x+y)=f(x)+f(y) has solutions that are not of the form
f(x) = cx.

17. If you’re familiar with graph theory, prove that a countably infinite connected graph (infinite
graphs are connected if all finite subgraphs are connected) has a spanning tree.

3. Structural Induction

Definition 19 (Recursively-Defined Set). A recursive structure is a structure of the form:

(a) A set of objects that are in the set (basis elements).

(b) If a1, ...an is in the set, f(a1, ...,an) is also in the set (constructor step - we may have multiple
of these).

(c) Nothing else is there.

18. Prove that the set defined as

(a) 1∈S
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(b) If a,b∈S, −(a+b)∈S

is equivalent to the set of all integers that are 1 (mod 4).

Definition 20 (Recursive Language). A language is given by an alphabet A and a set of words
W defined by

(a) Every element of A is also in W .

(b) For a element of W , we have some concatenation rules which say something like if a∈A
and w∈W , aw∈W .

(c) That’s all.

19. Define a language with our alphabet A= {a, . . . ,z} and the concatenation rule from the
definition above.

We then define a function f recursively as:

(a) f(a) = a for all a∈A

(b) f(aw) = f(w)a for all w∈W , a∈A.

Prove that f(f(w)) =w for all w∈W .

Another place where we can use structural induction is looking at trees.

Definition 21 (Tree). A tree is a graph with no cycles. For our purposes, it will also have a
root vertex.

Definition 22 (Branch). A branch of the tree is a sequence of vertices, starting at the root
vertex and moving up through the tree, such that every vertex is connected to the next.

Definition 23 (Game Tree). A tree that represents all possible plays through a game as
branches. We label a node A if the player at that node has a winning strategy and B if the other
player has a winning strategy.

20. Prove that all finite games (games with a finite game tree) terminate.

Definition 24 (Impartial game). A finite game where the two players would have the same
options for moves if faced with the same start.

Definition 25 (Nim). Nim is a game where you start with multiple piles of counters, each
of which could contain any number of counters. On their turn, a player removes any positive
number of counters from exactly one pile. The person who takes the last counter wins.

21. From which of the following positions can the first player win?

(a) 2 piles of n counters.

(b) 1 pile of 2 counters and 2 piles of 3 counters.

(c) 3 piles of n counters.
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Can you generalise this result to all games of Nim?

Definition 26 (Nim Number). Take the binary sum of the number of counters in each pile
without carrying.

Theorem 27 (Sprauge-Grundy). Any impartial game is equivalent to playing one-pile nim of
a certain size.

22. Define a function on the game tree G as follows.

(a) Every end node has the value 0.

(b) Every other node has the lowest natural number value that is not the value of one of it’s
predecessors.

Prove that the first player has a winning strategy iff the root vertex has value greater than 0.

23 (2D Nim). Played on a chessboard. We start with some counters on some of the squares of
the board and on your turn you can move counters and number of squares to the right and any
number of squares down. Find some small versions of the game and try them out. Can you say
anything about the winning strategies in general? How can we relate this to normal Nim values?

4. Well-founded Induction

Definition 28. A well-founded relation over S is a binary relation such that every non-empty
subset of S has a least element. (m being a least element here means that there are no elements
in s∈S such that sRm.)

Remark 29. This is very similar to our definition of a well-ordering over a set, just with the
condition that it had to be a total order dropped.

24. Every well-founded relation is irreflexive and anti-symmetric.

25. Which of the following relations are well-founded?

(a) N with the predecessor relation.

(b) Functions from N to N with the relation being function strengthenings.

(c) The power set of N under the subset relation.

(d) ∈ on an arbitrary set.

26. (Assuming the axiom of choice) A set being well-founded is equivalent to it having no infinite
descending chain.

Theorem 30 (Well-founded induction). Take a well-founded relation R over a set S. If, for a
property P , P holding for all y ∈S such that yRx implies that P holds for x then P holds for
every element of S.

Remark 31. Structural, transfinite and mathematical induction are all subcases of well-founded
induction.
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27. Using well-founded induction, prove that every positive integer greater than 1 has a prime
factorisation.

Theorem 32. A set being well-founded is equivalent to being able to induct on the set.

28. The Ackermann function, g(x,y), is defined by:

(a) g(0,y) = y+1

(b) g(x,0) = g(x−1,1)

(c) Otherwise g(x,y) = g(x−1,g(x,y−1))

Is this function defined for all elements of N×N?

29. Consider the usual proof of the AM-GM inequality. What order could we put on N×N to
use well-founded induction for this proof?

Another place where we can use well-founded recursion is looking at trees.

30. Verify that the following posets involving trees are well-founded.

1. The set of all finite trees and the relation ’is a subtree of’.

2. The set of all trees with maximum branch length n and the relation ’is a subtree of’.

3. The set of all trees with no infinite branches and the relation ’is a subtree of’.

4. The set of all trees with the relation ’is the tree below a vertex of’.

Question 33. How does this relate to the structural induction on game trees yesterday?

31. Define an infinite game as follows: on their turn, each player will pick a natural number. The
game ends after ω=N turns. If the resulting string is in a pre-specified set A, the first player
wins, else the second player wins.

We call a set A clopen if x∈A implies that all the strings sharing some finite initial segment with
x are also in A (essentially the game will always end in finite but unbounded time).

For all such games played on clopen sets, does one player have a winning strategy?
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Olympic Problems in Graph Theory
Tomasz Ślusarczyk

Abstract

Graph theory is an inherent part of mathematical olympiads. During the class we will practice
some graph-related techniques and familiarise ourselves with basic properties of graphs.

1. General problems in graph theory

Graph is a set G= {V,E}, where V is finite and consists of vertices and E consists of edges –
each e∈E is of the form e= {u,v} for some distinct u,v∈V . = V (G) is the set of vertices of G,
while E(G) is the set of edges of G.

Oriented graph is a graph in which each edge uv has direction either from u to v or v to u.

1.1. Basic definitions, introductory problems

Definition 1. degv is a degree of v (number of incident edges). In case out directed graphs, we
differentiate between degout (outgoing edges) and degin (incoming edges). In oriented graphs,
degout v is number of edges outgoing from v, while degin v is the number of edges incoming to
v.

1. F Show that sum of degrees of all vertices in any graph is even. Show that in an oriented
graph

∑
degout v=

∑
degin v.

Definition 2. A cycle is a set of pairwise distinct vertices v1,v2, . . . ,vn (n> 3) such that vi is
connected to vi+1 for i= 1,2, . . . ,n−1 and vn is connected to v1.

A path is a set of pairwise distinct vertices v1,v2, . . . ,vn (n> 3) such that vi is connected to vi+1

for i= 1,2, . . . ,n−1.

2. F In a graph G every vertex has degree at least k. Show that there exist a cycle of length at
least k+1.

Definition 3. A Hamiltonian path (resp. Hamiltonian cycle) is a path (resp. cycle) which
contains all vertices of a graph.

Definition 4. A clique of size n is a set of pairwise connected n vertices. It is denoted by Kn.

3. Find all n such that there exist an edge-disjoint Hamiltonian path collection which contains
every edge of Kn.

A graph G is bipartite if and only if V (G) can be decomposed into sets A and B such that each
edge has one endpoint in A and one in B. G is a complete bipartite graph, if for any u∈A and
v∈B vertices u and v are adjacent. Km,n denotes a complete bipartite graph where |A|=n and
|B|=m.

4. FF Prove that from any graph G we can delete at most |E(G)|
2 to make it bipartite.
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Definition 5. A graph G is connected if there is a path connecting any two vertices.

Definition 6. A subgraph of G is a graph obtained from G by removing some vertices and/or
edges. An induced subgraph of G is a graph obtained from G by removing some vertices.

Definition 7. A connected component is an induced connected subgraph H of G, such that
there is no path between any vertex from V (H) and any vertex from V (G)\V (H).

5. F Let G be a connected graph with at least 2 vertices. Show that we can remove one edge such
that the resulting graph contains at most one connected component with more than 1 vertex.

6. FFF Let G be a connected graph with at least 2 vertices. Show that we can remove one
vertex such that the resulting graph is still connected.

Definition 8. An independent set is a set of pairwise non-adjacent vertices.

7. FFFFFF Let v1,v2, . . . ,vn be the vertices of G. Prove that there exists an independent set
of size at least

∑n
i=0

1
1+degvi

.

Definition 9. A tree is connected graph without cycles. A forest is a graph without cycles.

Definition 10. A graph is planar if it can be drawn on a plane without intersecting edges
(edges may not be straight). Face of a planar graph is a finite region of plane bounded by edges
of this graph.

Theorem 1. F If a graph can be drawn on a sphere without intersecting edges, then it is
planar.

Theorem 2 (Fáry). FFFFF Every planar graph can be drawn in such way that no edges
intersect and every edge is a straight segment.

Fact 3. Forests are planar.

Theorem 4 (Euler). FF Let F be number of faces of a planar graph G. Then

|V (G)|−|E(G)|+F = 1.

Corollary 5. A tree on n vertices has exactly n−1 edges. Any graph on n vertices with at
least n edges contains a cycle.

Theorem 6. FFFF K5 and K3,3 are not planar.

8. Determine, whether K5 and K3,3 ca be drawn on a torus without intersecting edges.

1.2. Where is the graph?

9. FFF m+n cells of a m×n table was coloured red. Show that there exist a nonempty set S
of red cells such that every row and column contains even number of cells from S.

10. FFF Cells of 2020×2020 table are coloured black and white, such that all cells with edge
on the boundary of the table are black and every 2×2 square contains black and white cell. Prove
that there exists a 2×2 square in which every pair of cells sharing a side have different colours.

11. FFF A sequence (a1,a2, . . . ,ak) of cells of n×n table is called a cycle if ai and ai+1 share
a side for i= 1,2, . . . ,k (ak+1 =a1). Set of cells of table is evil, if every cycle contains at least one
cell from this set. Find all real numbers C, such that for all n> 2 in n×n table there exists an
evil set with at most Cn2 elements.
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12. FFFF Every cell of n×m table was filled with a rational number. It is known that if
centres of cells A, B, C, D (in that order) are vertices of a rectangle, product of numbers in A
and C is equal to the product of numbers B and D. Show that there may be at most m+n−1
primes in the table.

1.3. What to do? Where to go???

13. FFF Prove or disprove: if every vertex of G has degree at least k, there exists a subgraph
of G where every vertex has degree equal to k.

14. FFFF

1. A non-bipartite graph G has n vertices, each of them has degree greater than 2n
5 . Show

that this graph contains a triangle.

2. What is the minimal number c such that the above problem is true if 2
5 is replaced with c?

15. FF Let G be a connected graph with at least 2 vertices. Prove that we can decompose
V (G) into pairwise disjoint sets V1,V2, . . . ,Vk, such that the following hold:

• Each Vi has at least 2 elements;

• In each Vi we may find vertex vi connected to all other vertices in vi.

16. FFF In graph G there are n vertices and e edges. Show that there exists a subgraph of G
where all vertices have degree at least n

2d .

17. FFFF Prove or disprove: let T be a tree on n vertices. Then we may remove one vertex,
such that in the remaining graph there will be no connected components with at least n

2 vertices.

18. FF Prove or disprove: let T be a tree on n vertices and l be number of vertices in the
longest path in T . Then we may remove one vertex, such that in the remaining graph there will
be no path with more than l

2 vertices.

19. FFFF Connected graph G has 2k edges. Prove that there exist pairwise disjoint sets E1,
E2,. . . , Ek such that every set contains two edges of G, edges in one set share a vertex and every
edge of G belongs to one Ei.

20. FFFFFF Given any positive number ε, prove that, for all but finitely many positive
integers v, any graph on v vertices with at least (1+ε)v edges has two distinct simple cycles of
equal lengths.

21. FFFFFF There are n airports and n airlines offering two-way flights. For every airline
there exist an odd integer k>3 and airports a1, a2,. . . ,ak, such that flights offered by this airline
are exactly flights between a1 and a2, a2 and a3, . . . , ak−1 and ak, ak and a1. Show that one
may make a trip consisting of odd number of flights, starting and finishing at the same airport
such that each flight is operated by a different airline.

22. FFFF Let G be a connected graph where every edge uv has a positive weight w(uv).
Fix two distinct vertices A and B of G. Show that there exists unique functions f : V (G)→R
satisfying the following conditions:

• f(A) = 0, f(B) = 1;
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• For any vertex v 6=A,B we have ∑
u neighbouring v

f(v)−f(u)

w(vu)
= 0.

23. FFF Let v1,v2, . . . ,vn be vertices of a connected graph G. For i, j∈{1,2, . . . ,n} let f(i, j)=1
if vi and vj are adjacent and f(i, j) = 0 otherwise. Consider a polynomial

PG(x1,x2, . . . ,xn) =x2
1 +x2

2 + . . .+x2
n−

∑
i,j∈{1,2,...,n}

xixjf(i, j).

Find all graphs G such that PG(x1,x2, . . . ,xn)> 0 for any (x1,x2, . . . ,xn) 6= (0,0, . . . ,0).

2. Graph colourings

Colouring of a graph is an assignment of a colour to every vertex so that adjacent vertices have
different colours.

Definition 11. Chromatic number of G is the least number of colours needed to colour the
graph G. It is denoted by χ(G).

24. Maximum vertex degree in G is k.

1. F Show that χ(G)6 k+1.

2. FFF Show that if χ(G) = k+1, then all vertices have degree k.

25. Show that if G is planar, then χ(G)6 6.

26. Let G be an oriented graph where degout v6 k for any vertex k. Show that χ(G)6 2k+1.

27. Łukasz and Szymon are playing a game. They take turns, Łukasz starts. In each turn Łukasz
may draw a vertex and connect it with any vertices drawn previously. Szymon in his turn colours
the vertex added by Łukasz, so that no adjacent vertices have same colors. Determine, whether
there exists a strategy for Łukasz, such that after 2n turns the graph G drawn has chromatic
number strictly smaller than number of colours used by Szymon.

28. Let us define a list chromatic number χL(G) of a graph G as the smallest k such that when
every vertex of G is assigned a set of k colours, one may choose one colour from each set so that
for any pair of adjacent vertices different colours are chosen. Find all integers p such that there
exists exists a graph G with χL(G)>χ(G)+a.

29. Let G be a graph and k be the minimal integer, such that we may orient edges of G and not
have any (oriented) path of length greater than k. Show that k=χ(G).

30. n circles divides a plane into k regions. Show that some regions may be coloured black so
that no two black regions share an arc.

31. n yellow lines were drawn in a plane such that no 3 intersect in one point. Nice points are
the points of intersection of 2 yellow lines. We say that nice points A and B are adjacent if and
only if line AB is yellow and there is no nice point on segment AB (apart from A and B). Show
that we may colour nice points with 3 colours such that every two adjacent points have different
colours.
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32. Show that

χ(G)6 |E(G)|−|V (G)|+3.

3. Tournaments

Tournament is a complete oriented graph. If an edge is oriented from A to B, we say that A won
with B (and B lost to A). A Hamiltonian path (resp.) cycle is an oriented path (resp. cycle)
containing all vertices.

33. Show that in every tournament ther is at least one Hamiltonian path.

34. Tournament T with n> 4 players contains a Hamiltonian cycle. Show that T contains an
(oriented) cycle of length n−1.

35. Let T be a tournament with n>3 players. Player A is a great loser of a tournament if there
exists a Hamiltonian path finishing at A (i.e. there exists a permutation (B1,B2, . . . ,Bn−1,A) of
players of T such that Bi won with Bi+1 for i= 1,2, . . . ,n−2 and Bn−1 won with A). Let us
assume that there are at least 2 great losers. Prove that all great losers form an (oriented) cycle.

Definition 12. A king of a tournament is such a player A, that for any other player B at least
one of the following holds:

• A won with B

• exists C such that A won with C and C won with B.

36. Prove that a king exists in any tournament with at least 3 players.

37. Show that the number of kings cannot be equal to 2.

38. Find all n such that there exists a tournament where player is a king.

39. Do there exist distinct tournaments T1 with players v1,v2, . . . ,vn and T2 with vertices u1,u2, . . . ,un,
such that degout (vi) =degout (ui) for any i= 1,2, . . . ,n?

Definition 13. A cyclic triple is a set of 3 players {A,B,C}, such that A won with B, B won
with C and C won with A.

40. Show that if T is a tournament with 2n+1 players and every player won n games, number
of cyclic triples is equal 1

6n(n+1)(2n+1).

41. Every player of a tournament belongs to a cyclic triple. Does it follow that a tournament
contains a Hamiltonian cycle?

42. For every players A, B of a tournament there exists player C, such that A,B,C (in some
order) is a cyclic triple. Does it follow that the tournament contains a Hamiltonian cycle?

43. Tournament T doesn’t contain cycle of length m+1. Show that we can order players in a
sequence v1,v2, . . . ,vn such that if a> b+m−1, then va won with vb.
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